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Abstract. Let C K" be bounded with a smooth boundary F 
, and let S be the symmetric operator in L 2 (f2) given by the minimal 

realization of a second order elliptic differential operator. We give 
a complete classification of the Markovian self-adjoint extensions 
of S by providing an explicit one-to-one correspondence between 
such extensions and the class of Dirichlet forms in L 2 (T) which 
are additively decomposable by the bilinear form of the Dirichlet- 
to-Neumann operator plus a Markovian form. By such a result 

■ two further equivalent classifications are provided: the first one 

is expressed in terms of an additive decomposition of the bilinear 
forms associated to the extensions, the second one uses the additive 
decomposition of the resolvents provided by Krem's formula. The 
Markovian part of the decomposition allows to characterize the op- 
erator domain of the corresponding extension in terms of Wentzell- 
type boundary conditions. Some properties of the extensions, and 
of the corresponding Dirichlet forms, semigroups and heat kernels, 

■ like locality, regularity, irreducibility, recurrence, transience, ultra- 
\ contractivity and Gaussian bounds are also discussed. 
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1. Introduction 

^ . A negative self-adjoint operator A on the real Hilbert space L 2 (X) 

is said to be Markovian if the semi-group e tA , t > 0, is positivity- 
preserving and is a contraction in L 2 (X)r\L°°(X). In 1959, in the semi- 
nal paper [3], Beurling and Deny discovered the connection between the 
Markov property for symmetric semi-groups and the contractivity prop- 
erty for Dirichlet spaces. Later, in 1970, Fukushima (see [TS]) found 
the connection between regular Dirichlet forms and symmetric Hunt 
Markov processes, thus opening the way to the deep interplay between 
Dirichlet spaces and probability theory, and providing the analogue, in 
a Hilbert L 2 (X) space setting, of the well known connection between 
Feller Markov processes and Feller (i.e. strongly continuous, positivity 
preserving and contracting) semi-groups in Ct,(X), the Banach space 
of bounded continuous functions on X (see e.g. [U], [16] and [17] for a 

l 



2 



ANDREA POSILICANO 



thorough introduction to Dirichlet forms and symmetric Markov pro- 
cesses). Beside the probabilistic side, the Markovian property helps 
the study of the deep connections between analytic properties of the 
semi-groups and their generators as logarithmic Sobolev inequalities, 
ultracontractivity and heat kernel estimates (see e.g. [9], [20], [17] 
and references therein). Therefore it is worthwhile to find conditions 
guaranteeing the Markovian nature of a given self-adjoint operator. In 
particular, when X = Q C MJ 1 is a bounded domain with a smooth 
boundary T, we are interested in characterizing Markovian self-adjoint 
extensions of the minimal realization of a given symmetric second order 
(by positive maximum principle, for Markov generators the order can 
not be higher) elliptic operator in terms of boundary conditions. 

The connections between boundary conditions and Markov property 
have a long history. Here a brief abstract. 

In 1957, in the paper [12], Feller classified all Markovian self-adjoint 
realizations of symmetric (generalized) second order differential oper- 
ators in L 2 (a,b), (a,b) C M, in terms of boundary conditions. Such 
conditions (see [12], Theorem 10.2) are explicitly expressed in terms 
of certain inequalities on the coefficients of the 2x2 real symmetric 
matrix B describing the boundary conditions at {a} U {b}. It is easy 
to check (see Section 3 below) that such inequalities coincide, in such 
simple 2-dimensional Dirichlet spaces setting, with the necessary and 
sufficient conditions guaranteeing that the bilinear form associated with 
B is a Dirichlet form on IR 2 . Thus Feller's results can be re-phrased in 
terms of a correspondence between Markovian self-adjoint extensions 
of a symmetric second order differential operators on an interval and 
Dirichet forms on its boundary. 

In 1959, in the paper [15], Wentzell, aiming at extending Feller's 
results to higher dimensions, sought the most general boundary condi- 
tions which restrict a given elliptic second order differential operator 
in a bounded domain Q C lR n to a generator of a Feller Markov pro- 
cess, and hence of a Feller semigroup, in C&(f2). Wentzell's results, in 
the realm of Feller semi-groups, have been extended and clarified in a 
lot of successive papers by many authors (see e.g. [11], [13], [3J, [13] 
and references therein). Since Wentzell's framework is a Banach space 
one, his results can not be directly re-phrased in a Dirichlet space lan- 
guage, which requires an Hilbert space setting. However looking back 
at Feller's results, and noticing that the boundary operator entering 
in Wentzell's conditions (see [18], formula (3)) appears to have (in 
the L 2 (f2)-symmetric case) an associated bilinear form resembling the 
ones furnished by the Beurling-Deny decomposition for regular Dirich- 
let forms, the suggestion is clear: there should be a correspondence 
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between Markovian self-adjoint extensions of a symmetric second or- 
der differential operators in L 2 (Q) and Dirichet forms in L 2 (T). The 
self-adjoint operators associated with the Dirichlet forms on the bound- 
ary should then realize Wentzell-type boundary conditions. 

In 1969, Fukushima (see the paper [H]), given the resolvent density 
R^(x,y) corresponding to absorbing barrier Brownian motion on a 
bounded domain Q (i.e. the resolvent kernel of the Dirichlet Laplacian 
on fl), considered the family of all conservative symmetric Markovian 
resolvent densities on Q of the kind 

(1.1) R x (x,y) = R%(x,y) + H x (x,y), 

where H\(x, y) is a positive function of A > 0, A-harmonic in x for each 
A and y, such that for any compact K C Q, swp xeK en H\(x, y) is finite. 
By Dirichlet spaces and potential theory analysis, Fukushima found a 
correspondence between such a family and a class of Dirichlet spaces on 
the Martin boundary of Q. The generalized Laplacians corresponding 
to such family of resolvents turn out to be characterizable in terms 
of boundary conditions involving the notion of (generalized) normal 
derivative in Doob's sense (see formula 6.8 in [2]). Fukushima's results 
have been extended to more general elliptic operators by Kunita (see 
[26] ) and successively, by Silverstein (see [31], [32]) and LeJan (see 
[27]). to general Markovian generators. In particular Silverstein found 
a characterization, again in terms of Dirichlet spaces on the boundary, 
of the Markovian resolvents R\ > R^ dominating a given one 
For recent developments of boundary theory of Dirichlet forms and 
symmetric Markov processes, we refer to the book [5] by Chen and 
Fukushima. 

Here our approach is different from the ones described above: we 
build on the theory of self-adjoint extensions as initiated by Krem [K], 
Visik [36], Birman [3] and Grubb [21] • In particular Grubb character- 
ized all self-adjoint extensions of a given symmetric elliptic differential 
operator on a domain Q with a smooth boundary in terms of (non- 
local) boundary conditions. Thus Wentzell-type boundary conditions, 
and their generalization due to the Dirichlet space approach initiated 
by Fukushima, should be part of Grubb's results. In recent years there 
has been a renovated interest for the connection between theory of 
self-adjoint extensions and boundary conditions for partial differential 
operators due to its re-formulation in terms of Krem's resolvent for- 
mula (see [37J,[3Q],[6],[38],[23],[7],[3T],[T8]and references therein). 
Let us notice that (11. ip (taking into account the characterization of the 
harmonic part H\ given by formulae (4.5)-(4.7) in [T3]) has the same 
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structure as Krein's formula for the resolvent of a self-adjoint exten- 
sions of the minimal Laplacian. This indicates that Fukushima's results 
can be re-phrased in terms of such a resolvent formula (see Theorem 
14251 and Remark 14261) . 

The content of this paper is the following. Section 2 is of prelimi- 
nary nature. Here at first we recall the theory of self-adjoint extensions 
of a given symmetric operator S, following the simple approach pre- 
sented in [37] (building on previous paper [34J), to which we refer for 
proofs and relations with other equivalent methods. Then we provide 
the bilinear forms associated with the self-adjoint extensions and re- 
call the connection between Markovian generators and Dirichlet forms, 
thus reducing the problem of the search of Markovian extensions to 
the characterization of self-adjoint extensions having associated bilin- 
ear forms which are Dirichlet forms. The section is concluded recalling 
the correspondence between regular Dirichlet forms and Hunt Markov 
processes and the connections between path properties of such pro- 
cesses and analytical properties of the corresponding Dirichlet forms 
like conservativeness, transience, recurrence and irreducibility. 

In Section 3, to enhance the reader's intuition, we consider the toy ex- 
ample given by on the real interval (0, 1), re-obtaining, by straight- 
forward considerations about Dirichlet forms on IR 2 , Feller's results (as 
given in [T2], Theorem 10.2). This simple example is instructive since 
it permits to introduce, in a simpler finite dimensional setting, many 
of the results that will be then obtained in the successive section. 

In Section 4 we extend the construction given in the previous one 
to the case S = A m[n , where A min denotes the minimal realization of 
an elliptic second order differential operator on a bounded domain Q 
with a smooth boundary T. By a result due to Fukushima and Watan- 
abe (which we recall in Theorem 14. 8p the maximum element (with 
respect to the semi-order induced by the associated bilinear forms) 
of the set ExtM(Anin) of the Markovian self-adjoint extensions of the 
v4 m i n is the Neumann realization An- As an immediate consequence 
of such a result any Markovian self-adjoint extension of A m [ n satisfies 
a logarithmic Sobolev inequality; hence its semigroup is ultracontrac- 
tive and Gaussian heat kernel estimates hold (see Corollaries 14.101 and 
14. lip . By Fukushima- Watanabe theorem we are led to consider the set 
Ext(A min ) D Ext M (A min ) of self-adjoint extensions sandwiched between 
the Dirichlet realization Ap (the minimun element of Extjvi(Anin)) and 
the Neumann one A^. In Theorem 14.151 we give a simple recipe to 
define, in terms of bilinear forms fu,B on L 2 (T), bilinear forms corre- 
sponding to extensions belonging to Ext(v4 min ). Such estensions belong 
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to ExtM^min) whenever the corresponding forms fu,B are Dirichlet 
forms. By combining such a Theorem 14. 151 with its converse (see Theo- 
rem 14.201) we finally obtain Theorem 14.221 which provides a one-to-one 
correspondence between ExtM(Anin) and the class of Dirichlet forms 
of L 2 (T) which admit a decomposition in terms of the Dirichlet form 
corresponding to (minus) the Dirichlet-to-Neuman operator on T plus 
a Markovian form. Such a result is the analogue, in our framework, 
of the correspondence established by Fukushima in [14] . In the case 
one could prove that the Markovian component is always closable (we 
conjecture that this is the case) one should obtain an even simpler 
correspondence (see Remark 14.271) . In any case by Theorem 14.151 this 
latter correspondence holds in one direction, thus providing simple suf- 
ficient conditions leading to Markovian extensions. Theorem 14.221 has 
a simpler, equivalent version (see Theorem 14.231) in terms of bilinear 
forms: Let F be a closed bilinear form on L 2 (Q). Then F = Fa, 
A G Ext M (74 min ), if and only &{F) C if 1 (fi) and there exists a Mar- 
kovian form f b on L 2 (T) such that F(u,v) = F N (u,v) + fb(lo u ,lo u ) ■ 
Here is the bilinear form associated to the Neumann realization 
Ajv and 70 is the trace (evaluation) map at T. Moreover, by Krein's 
formula, a version of Theorem 14.231 in terms of resolvents can also be 
given (see Theorem 14.251) . This provides our version of Fukushima's 
(TO) (see Remark S^H]). 

In section 5 we looks for the boundary conditions associated to a 
Markovian extension. By Theorem 15.31 (also see Corollary 15.41) these 
are defined in terms of the Markovian form appearing in the de- 
composition provided by Theorem 14.221 In the case such a Markov- 
ian component is a regular Dirichlet form (a criterion is provided in 
Lemma [4.18p . then, by Beurling-Deny decomposition, these boundary 
conditions resemble the ones obtained in Wentzell's seminal paper [18] 
(see Remark 15.5ft . Some examples are provided. 

Let us conclude with a remark about our regularity assumptions. 
The hypothesis on the smoothnes of the boundary of Q can be relaxed 
to C 1,1 (i.e. to boundaries which locally are the graph of a differentiable 
function having Lipschitz second order derivatives): by using the results 
contained in |38j and [23J all the statements here presented holds in this 
more general setting, the proof being essentially the same. By using 
the results contained in [TS] and [IH], we expect that our results can 
be further generalized to hold on domains with a Lipschitz boundary. 
Finally let us notice that the Fukushima- Watanabe theorem has been 
recently extended by Robinson and Sikora (see [39], Theorem 1.1) to 
the case of an elliptic operator on an arbitrary open bounded set Q; 
see Remark 14.131 for some immediate consequences of such a result, 



6 



ANDREA POSILICANO 



in particular the one regarding Gaussian heat kernel estimates on sets 
with the extension property. 

2. Preliminaries 

2.1. Notations. 

• 3V, \) denote Hilbert spaces with scalar products (•, •), (•, •) and 
corresponding norms || ■ ||, | • |; 

• Given a linear operator L we denote by 

9(L), JtT(L), 0(L), <S{L), p(L) 

its domain, kernel, range, graph and resolvent set respectively; 

• For any z G p(L) we pose := (-L + z)^ 1 ; 

• L\f denotes the restriction of L to the subspace "V C @(L) 
and we pose L'Y := M(L\y); 

• Ext(S') denotes the (eventually empty) set of all self-adjoint ex- 
tensions of the symmetric operator S and ExtM^) C Ext(S') 
denotes the subset of Markovian self-adjoint extensions; 

• Given an orthogonal projector n : f) — > f), we use the same 
symbol IT to denote both the injection n|«^ > (n) : — > [) 
and the surjection (II|^(n))* : fj ->■ M(H); 

• E(f)) denotes the set of couples (II, 0), where II is an orthogonal 
projection in t) and O is a self-adjoint operator in the Hilbert 
space M(U)] 

• Given v e f), \v\ = 1, the orthogonal projector v <g> v is defined 
by [v <S> v] (u) := (v, u) v; 

• Given a sesquilinear (bilinear in the real case) form F, we pose 
F((f>) := F((f),(f)) for the corresponding quadratic form; 

• Fa denotes the symmetric sesquilinear (bilinear in the real case) 
form associated with the self-adjoint operator —A in the Hilbert 
space Jf? ; 

• /n,e, (n, 0) G E(h), denotes the symmetric sesquilinear (bi- 
linear in the real case) form associated with the self-adjoint 
operator in the Hilbert space Mijl) and f@ = /i^; 

• B(X, Y) denotes the set of linear bounded operator on X to Y 
and B(X) = B{X,X); 

• 1b denotes the characteristic function of the set B; 

• u A v := min{-u, v}, u V v :— max{w, v}, := (OVh)AI. 

2.2. Self-adjoint Extensions. Let 

S : @(S) C 3V -)■ ^ 
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be a symmetric linear operator such that — S > Xq > 0, i.e. 

V0G^(S), (-5-0,0) >A O ||0|| 2 . 
By Friedrichs' theorem S has a self-adjoint extension 

such that — A > Ao- ^4o is the unique self-adjoint extension such that 
@(A ) ^= @(Fq), where @(F ) denotes the domain of F , the closure of 
the positive sesquilinear form F°(<f),ifj) := (—S(f),i/j). 

From now on we suppose that S is not essentially self-adjoint. Thus, 
by von Neumann's theory of self-adjoint extensions, there exists an 
unitary operator U : Jif{S*) — >■ J^(S*), such that 

Jf = 3){S**) © 9(U ) , 
A ((p + + U ip) =S<j> + iij)- iU tp , 
where J^, denotes the Hilbert space given by @(A ) equipped with the 
scalar product (giving rise to the graph norm) 

(0,V) O := (A)<MqV>) + (0,V>)- 

Therefore the closure of 5", i.e. S**, is the restriction of Aq to the 
kernel of the orthogonal projection from onto J(T(S*). Thus, since 
this gives some advantages in practical applications, we will look for 
the self-adjoint extensions of S by considering the equivalent problem 
of the search of the self-adjoint extensions of the restriction of A Q to 
the kernel Jf(r), which we suppose to be J? '-dense, of a surjective 
bounded linear operator 

t : J^o -> I). 

Typically A is an elliptic differential operator, r is some trace (restric- 
tion) operator along a null subset N and f) is some Hilbert space of 
functions on N. 

For notational convenience let us introduce, for any z £ p(Aq), the 
following bounded linear operators: 

R° z : -> J^q , R° z := (-A + z)~ l 

and 

G z :t)^Jf, G z := (tR*)* . 
By the results provided in [37J (building on previous results obtained 
in [33] and [35]) one has the following 

Theorem 2.1. (i) The set Ext(S') is parametrized by E(fj). 

(ii) Let A(n,e) be the self-adjoint extension corresponding to (11,9) G 

E(fj). Then 

(2.1) A (ri ,e) : ^(An,e)) C -> , A (n , e) := A O O , 
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(2.2) 

@(A (n ,e)) := {0 = 0o + G & , 0o G ®(A ) , & G 0(6) , nr0 o = 8^} • 

fmj TTie resolvent R^ 1 '^ := (— Am,e) + _1 °/^.(n,e) given, for any 
z G p(v4 ) n p(A(u,&)) } by the Krein's type formula 

(2.3) Rf' e) = R° Z + G Z U{Q + zUGlG Jiy l IlG* 2 . 

Remark 2.2. The operator G z is injective (by surjectivity of r) and 
by Lemma 2.1 in [35], given the surjectivity hypothesis ffi{r) = f) the 
density one J^ij) = Jrff is equivalent to 

(2.4) Wzep(A ), <%(G z )n$)(A ) = {0}. 

So the decomposition appearing in 0(A(n,e)) is unique. Moreover by 
first resolvent identity one obtains 

(2.5) Vw, z G p(A ) , G w - G z = (z - w) R° W G Z . 
So 

^{G w - G z ) C 0(A O ) 

and 

(2.6) * = z G* Z G = z G*(l - z R° Z )G = r(G - G z ) . 

Remark 2.3. Notice that the knowledge of the adjoint S* is not re- 
quired. However it can be readily calculated: by [36], Theorem 3.1, 
one has 

S* : @(S*) C^^^T, S*0 = A o o , 
@(S*) = {0 e J? : = O + Got*, O G 0(A O ), ^ G f)} 
and the Green-type formula 

(2.7) (0, 5*^) - (S*<f>, V>) = (r0, p» - (p0, f^) 
holds true. Here the operators f and p are defined by 

f : @{S*) f) , f := T0 O 

and 

p:0(S*)^f), P0:=^. 
Also notice that G z £ solves the boundary value type problem 

/ \ I S*G-.£ — zG z £ , 

Hence, by Theorem 12. 1[ 

(2.9) A (n ,e) = 5*|{0 G ®(S*) : P0 G 0(6) , nf0 = 6p0} . 



MARKOVIAN EXTENSIONS OF ELLIPTIC OPERATORS 9 

By [35], Theorem 3.1, (f),f, p) is a boundary triple for S* , with corre- 
sponding Weyl function 

(2.10) M z = zG* G z = zG* z G . 

We refer to [11] and references therein for boundary triplets theory. 

2.3. Sesquilinear Forms. Here we determine the symmetric sesquilin- 
ear form Fa of A e Ext(S'). From now on we assume the following 
additional hypothesis on S: 

(2.11) Jt(S*) n^(F ) = {0}, 

where F$ is the sesquilinear form associated with — Aq, i.e. is the 
sesquilinear form of the Friedrichs' extension of —S. By Remark 12.31 
one has J^(S*) = &(Gq), and so, by (12 AL (12. lip is equivalent, since 
2>{A Q ) C @(F ), to 

(2.12) <^(G ) n ®(F ) = {0} . 

Notice that hypotheses (12. lip , or better its equivalent (I2.12p . ensures 
that the decomposition appearing in @{Fm&\) below is unique and so 
-^(n,e) is well-defined. In the case S is the minimal realization of a 2nd 
order elliptic differential operator on a bounded domain, (12. lip always 
holds true (see Remark [4.21 below) . 

Next theorem is our version of Theorem 1.2 in |22j (also see Theorem 
1 in [30J ) . There the more general case of (not necessarily self-adjoint) 
coercive extensions was considered. Our simpler framework allows for 
a straightforward proof, which we provide for the reader's convenience. 

Theorem 2.4. Let 

F : ®(F ) x &{F Q ) C Jtf 3 x M> -> R 

be the positive sesquilinear form corresponding to —A and suppose that 
(12.121) holds true. Let A(u,e) £ Ext (5) and let 

fu,e ■■ 0(/n,e) x 0(/ n , e ) C M(U) x M(U) -> R 

be the sesquilinear form corresponding to (II, G) G E(f)). Then the 
sesquilinear form F(n,e) corresponding to — A(n,e) given by 

®(F<n, e) ) x 0OF(n,e)) C x -> R, 

^(n,e)(0,^) = F o (0 o ,t/>o) + /n,e(^,fv) > 
^(F (n ,e)) := {0 = 0o + Gof* , 0o e 0(F O ) , & e ^(/n,e)} • 
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Proof. Let 

L : @(L) C ->■ 
be the linear operator associated with -F(n,e), i- e - 
:= 

{0 G ^(F (n , 0) ) :^eje s.t. V0 G 0(F (n ,e)) , ifae) {(f>, V>) = , 

L0 := if . 

Since @(Fq) C ^(-F(n,e)), ^(-F(n,e)) is dense and so L is well-defined. 

By the definition of ^(i^n.e)) an d by taking, in the definition of 
@(L), at first £^ = and then ip = Go£, one gets that = 0o + Gq^ G 
@{L) if and only if there exists (p such that 

V^ G^(Fo), F o (0 o ,^o) = Mo) 

and 

V£e0(/ n ,e), /n,e(&,0 = • 
Thus 0o G 3>(A ), L(j) = -A (j) , and 

(^,GoO = (-4)00, <?oO = N>o,£) = (nr0 o ,O • 

Therefore 

V£e^(/n,e), /n,e(^,O = (nr0 o ,O, 

i.e. 

£^G £>(6), 9^ = nr0 o . 
In conclusion f^(L) = 5?(A(n,e)) and 

L4> = -A <po = -A(n,B)<f> ■ 

□ 

Remark 2.5. By ((23} and fj2T0|l . by (F o + A)(^0, ^) = (0,^), A > 0, 
and by Theorem 12.41 one has, for all a > 0, 

(-F(n,e) + a) (G a (i, G^S) 

=F (G a ^i — Gq£i, G a ^2 — Gq^2) + /n,e(Ci, £2) + G Q £ 2 ) 

= — aFo(i?o^a^i) G a £ 2 — G0&) + /n,e(£i> £2) + ^(GaCi, Ga,£ 2 ) 

=M a (6,6) + /n,e(£i,k)- 

We make use of this relation in the proof of Theorem 14.201 below. 

Remark 2.6. Suppose that /n,e is lower bounded, so that -F(n,e) is 
lower bounded. Then is immediate to check that if ^(/n,e) is a core 
of /n,e and ^(F ) is a core of F then 

^(F (n ,e)) := {0 G : = O + , 0o e #(F ) , ^ G ^(/n,e)} 
is a core of -F(n,e) • 
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2.4. Maximum and minimum extensions. Let us now define 

Exto(S) := {A e Ext(S) : -A > 0} , 

By Theorem 12.41 one immediately gets the following well known result 
going back to Birman (see jl]): 

Exto(S) = {A (n ,e) : 6 > 0} , 

Now we define, on the set Ext (5'), the semi-order ^ by (see e.g. [16] . 
Section 3.3) 

@{F Al ) C @(F A2 ) , 

V0e^(F Al ), f a M>FaM- 

By Theorem 12.41 given A(n lt ei) an d ^4(n 2 ,e 2 ) m Ext (S'), one has 
Anx.Gi) d An 2 ,e 2 ) (I^Bi) d (n 2 ,8 2 ) 

i.e. 

V£ 6 ^(/ ni>ei ) , /n^O^/iWO- 



A(ni,eo ^ A ( n 2 ,e 2 ) 



Thus the Friedrichs' extension A (corresponding to II = 0) is the 
minimum element of Ext (5') and Ax '■= An^ is the maximum one. 
The extension Ar, discovered by von Neuman in [33], is named Krein's 
extension, after Krein's seminal paper [25] characterizing the extremal 
elements of Ext (5'). 

Warning. From now on all the Hilbert spaces we consider are real 
Hilbert spaces. 

2.5. Dirichlet Forms. Let us now suppose that M' = L 2 (X,£$,m) 
(= L 2 (X) for short), where X is a locally compact separable metric 
space and m is a positive Radon measure on the Borel cr-algebra M 
of X such that supp(m) = X, i.e. m is finite on compact sets and is 
strictly positive on non-empty open sets. 

A negative self-adjoint operator A is said to be Markovian if 

< u < 1 , m-a.e. =>- V£ > , < e tA u < 1 , m-a.e. . 

By 

°° / \f\n poo 

(2.13) e tA u=\ime- xt J2^r( XR i) nu i R x u = e- xt e tA udt, 



this is equivalent to 



< u < 1 , m-a.e. VA > , < \R A u < 1 , m-a.e. . 
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By [9], Theorem 1.4.1, if A is Markovian then L l (X) n L°°(X) is in- 
variant under e tA and e tA \L 1 (X)nL 2 (X) can be extended to a strongly 
continuous contraction semi-group on L P (X) for all p G [1, oo). 
A function $ : R — > R is said to be a normal contraction if 



is said to be a Markovian form if for any normal contraction $ one has 



A closed Markovian form F is said to be a Dirichlet form and the 
Hilbert space J$?(F) given by the set @(F) equipped with the scalar 
product 

(u,v) F := F(u,v) + (u,v) L 2 (x) 
is the corresponding Dirichlet space. 

Warning. Notice that, according to our definitions, Markovian and 
Dirichlet forms are not necessarily densely defined in L 2 (X). In par- 
ticular, forms densely defined in t%(J\) ^ L 2 (X) of the kind fn,e, 
(IT, 0) G E(L 2 (A)), will be often regarded as forms on L 2 (X) with 
a not dense domain. 

By [16] , Theorem 2.1.1., one has 

Theorem 2.7. The closure of a closable Markovian form is a Dirichlet 
form. 

Moreover, by [16], Theorem 1.4.1, for closed forms the special normal 
contraction = u# suffices in (I2.14p : 

Theorem 2.8. A closed, symmetric bilinear form F is a Dirichlet form 
if and only if 



$(0) = and |$(t) - $(s)| < \t - s\ . 
A positive symmetric bilinear form 

F : 9{F) x @{F) C L 2 (X) x L 2 (X) R 



(2.14) 




$(u) G ^(F) , 
F($(u)) < F(u), 



where 



[$(«)] (x) := . 




By Theorem 10 in [T] one has 
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Theorem 2.9. Let F be a Dirichlet form and let $ be any normal 
contraction. Then the map u !->■ is continuous on the Dirichlet 

space J$?(F) to itself. 

The connection between Markovian operators and Dirichlet forms is 
given by the Beurling-Deny criterion (see e.g. [IE], Theorem 1.4.1, [9], 
Theorem 1.3.3): 

Theorem 2.10. A is Markovian •<=>■ Fa is a densely defined Dirich- 
let form. 

Thus, posing 

B&m(S) := {A G Ext(S) : A is Markovian} , 
one has, by Theorems 12.11 and 12. 4[ 

(2.15) Ext]vi(5') = {A(n,e) : F(n,e) is a Dirichlet form} . 

2.6. Yosida approximations. Let F A be the bilinear form associ- 
ated with the positive self-adjoint operator —A and let us consider 
the bounded bilinear symmetric form F A associated with the Yosida 
approximation of A, i.e. 

F\ : L 2 (X) x L 2 (X) ->R, 

F>L(u,v) := (u, A(l - \Rx)v) L 2(x) ■ 
Then, by |16j . Lemma 1.3.4, formulae (1.4.7)-(1.4.9) and Theorem 
1.4.2, one has the following 

Theorem 2.11. For any u G L 2 (X), the function A i— >■ F\(u) is non- 
decreasing, 

mF A ) = {nG L 2 (X) : lim F%(u) < oo} , 
F A (u,v) = lim F%(u,v). 

Afoo 

Moreover, if A is Markovian, i.e. if Fa is a Dirichlet form, then F A is 
a Dirichlet form and 

F X A = F X A + F X A , 
where the bounded Dirichlet forms F\ and F\ are defined by 

F^(u,v):=^ [ (u(x) -u(y))(v(x)-v(y))da A (x,y) 
Jx 
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Here < s A < 1 and a positive, symmetric, Radon measure on 

XxX. 



Remark 2.12. If Fa is a Dirichlet form, by Theorem 1.4.2 in [16 

u G L°°(X, m) n 9{F A ) ==> it 2 G 

and 

M n G S>{Fa 



nfoo 

where w n := ((— n) V u) An. Thus if m(X) < oo then 
(2.16) F A (u) = lim lim (FiK) + Fi(l,<)) 

and, if moreover 1 G @(Fa), 



(2.17) F A (u) = lim lim F^(u n ) + F A (1, u 

nfoo \Atoo 



2.7. Capacity and quasi continuity. Let F be a densly defined 
Dirichlet form. For any open set O C X we define its F -capacity 
by (see [IB] , section 3.1) 

cap F (C) := inf {(u, u)p , u G £^(F) , u > 1 m-a.e. on 0} . 

Here, as usual, one poses inf(0) = +oo. For an arbitrary set B C X 
one then defines 

cap F (i3) := inf{cap F (C) , O open, £> D £} . 

Such definitions provide a Choquet capacity (see [15] . Theorem 3.1.1). 

A statement is said to hold gwasz everywhere (q.e. for short) if there 
exists a set A/" of zero capacity such that the statement is true outside 
M. Notice that 

cap F (A0 = => m(Af) = 0. 

Also notice that if X = R n and F(u, v) = (Vu, Vv) L 2 {n) with @{F) = 
H^W 1 ) = {u G L 2 (W l ) : ||Vw|| G L 2 (M n )}, then cap F is the usual 
Newtonian capacity. 

Given an extended real valued function u on X, we call it quasi 
continuous if for any e > there exists an open set O e G X such that 
cap F (C e ) < e and the restriction of u to X\O t is finite continuous. 

Given a function u, u is said to be a quasi continuous modification 
of u if u is quasi continuous and u = u m-a.e.. By [IB], Theorem 3.1.3, 
one has 

Theorem 2.13. v4ny w G @(F) has a quasi continuos modification. 
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2.8. The Beurling-Deny Decomposition. A densely denned Dirich- 
let form F is said to be regular on X if @(F) n C C (X) is both JV(F)- 
dense in <&{F) and L°°(X)-dense in C C (X) (here C C (X) denotes the 
set of continuos function with compact support). For regular Dirichlet 
forms Beurling-Deny decomposition holds (see [3], [T6], Theorem 2.2.1, 
[8], Theorem 4.3.3): 

Theorem 2.14. Any regular Dirichlet form F on L 2 (X) admits, for 
any u, v e @(F) the decomposition 

F{u, v) = F (c) {u, v) + F (J) (u, v) + F (fc) (u, v) . 

Here F^ is a Markovian form which satisfies the strongly local prop- 
erty, i.e. 

F (c) 

(u, v ) = whenever u has a compact support and v is 
constant on a neighborhood of the support of u; 

F (j \u,v)= / (u(x) -u(y))(v(x) -v(y))dJ(x,y) , 

J XxX 

F {k \u,v) = I u{x) 
Jx 

where u and v denote quasi continuos versions of u and v, J is a 
symmetric positive Radon measure on X x X off the diagonal and k is 
a positive Radon measure on X . 

In the case X has a differential structure, i.e. X = Q C M. n more can 
be said about F^ c > (see [42], Theorem 16.1, [17], Theorem 3.2.3): 

Theorem 2.15. Let F a regular Dirichlet form on L 2 (Q). Then for 
any u,v G C£°(Q) n @(F) one has 

l<i,j<n il 3 

where the 's are positive Radon measures on Q such that, for any 
£ G R n and for any compact K CO, 

^(%^°. v ij {K) = v ii {K). 

l<i,j<n 

2.9. Logarithmic Sobolev inequalities, ultracontractivity and 
heat kernel estimates. Let Fa be a densely defined Dirichlet Form 
on L 2 (X). Let us denote by k^(£, •, •) the integral kernel of e tA . Here 
we briefly recall the connections between certain functional inequalities 
involving Fa, bondedness of e tA from L 2 (X) to L°°(X) fl L 2 (X) and 
estimates on ha (see e.g. [9], [20], [47J for proofs, more details and 
further results) . 
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We say that Fa satisfies a logarithmic Sobolev inequality (with func- 
tion 0) if there exist a continuous monotone decreasing function /3 such 
that for all e > and for all positive u G S){F A ) fl L 1 (X) fl L°° (X) there 
holds 

u 2 \ogu 2 dm < eF A (u) + (3(e)\\u\\ 2 L 2 {x) + \\u\\ 2 L 2 {x) log \\u\\ 2 L 2 (x) . 
Jx 

If Fa satisfies a logarithmic Sobolev inequality with function such 
that m(t) := \ Jo (3(e) de is finite for any t > then (see [9], Corollary 
2.2.8) e tA is ultracontractive (with function m), i.e. 

Vt > 0, Vu G L 2 (X), ||e* A M|| L oo (x) < e m ^||«|| i2(x) . 

Conversely (see [9J, Theorem 2.2.3) if e tA is ultracontractive with a 
continuous monotone decreasing function m then i 7 ^ satisfies a loga- 
rithmic Sobolev inequality with function (3 = m. Moreover (see [9], 
Lemma 2.1.2) ultracontractivity with function m implies the heat ker- 
nel estimate 

Vt > , for m-a.e. x and y, K A (t,x,y) < e 2m{t,2) . 

Conversely the estimate KA(t,x,y) < e m ^ implies ultracontractivity 
(and hence a logarithnic Sobolev inequality) with function m/2. 

If m(X) < oo and e tA is ultracontractive then (see [9J, Theorem 
2.1.4) 

(2.18) Vt > , trace(e* A ) < +oo 

and (see [9j, Theorem 2.1.5) e tA is compact on L P (X) for anyp e [1, oo]. 
Moreover any eigenfunction v n of A is in L°°(X) and 

oo 

K A (t, x, y) = ^ e Xnt v n (x)v n (y) , 

n=l 

where A n is the eigenvalue corresponding to v n and the series converges 
uniformly on [t , oo) x X x X for any t > 0. 

2.10. Dirichlet Forms and Hunt Processes. Here we briefly re- 
call the one-to-one correspondence between regular Dirichlet forms and 
Markov processes. We refer to (15], (16], [T7] and [8] for more details 
and proofs. 

Let the Dirichlet form F A be regular on X and let e tA , t > 0, be 
the semi-group on L 2 (X) generated by the corresponding Markovian 
operator A. Then there exists an (unique in law) Xg-valued, Hunt 
Markov process Z A = ({Z t } t >o, {P x }xex) such that 

(2.19) Vw G L 2 (X) , e tA u(x) = E x (u(Z t )) , for q.e. x G X, 
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where E x denotes expectation with respect to the probability measure 
P x . Here Xq : = X U {0} (d is the "cemetery"), Z t (co) = d for every t > 
where the lifetime ( is defined by ((u) := inf{t > : Z t (cu) = d}, 
and u{d) := 0. 

The trajectories of Z a are almost surely right-continuos with left 
limits. If Fa has the local property, i.e. if Fa{u,v) = for any couple 
u, v G S>[Fa) with compact disjoint supports, then Za is a Diffusion, 
i.e. its trajectories are almost surely continuous. Notice that by the 
Beurling-Deny decomposition Za is a diffusion if and only if = 0. 

2.11. Dirichlet Forms and paths behavior. Some analytical prop- 
erties of the Dirichlet form Fa and the corresponding resolvents R A 
and semigroups e tA correlate with paths behavior of Za- Here we recall 
the main results following [T7j and [5] to which we refer for more details 
and proofs. For simplicity from now on in this subsection we suppose 
that m(X) < oo. 

The Markovian operator A is said to be conservative if XR^l = 1 
m-a.e. for all A > 0. By (12.131) this is equivalent to e tA l = 1 m-a.e. for 
all t > 0. 

By (I2.19P and [T7], exercise 4.5.1, one has 

(2.20) A is conservative VxGl, P X .(C = +oo) = 1 . 

Denoting by R A , A > 0, the extension to L^i^X) of the resolvent and 
posing, for m-a.e. x € X, and for all positive u 6 L X (X), 

R A u(x) := \im R A u(x) , 

A is said to be transient if 

Vw G L l (X) , u > m-a.e. , m(x G X : R A u(x) = +oo) = . 

and is said to be recurrent if 

\/u G L\X), u > m-a.e. , m(x G X : < £ A u(:r) < +oo) = . 

By Theorem 12.111 if A is conservative then 1 G ^(Fa) and Fa(1) = 0. 
By [T7j, Theorem 1.6.3, this implies that A is recurrent. Since, by [8], 
Theorem 2.1.10, recurrence implies conservativeness, in conclusion we 
get 
(2.21) 

A conservative A recurrent <^=^ 1 G @{Fa) and -Fa(I) = 0- 

By [8], Theorems 2.1.5 and 3.5.2, if A is transient then 
Rc(C = +°° i liniZ f = 5) = P X (C = +00) , for q.e. 

tfoo 
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A Markov operator A is said to be irreducible if 

\/u G L 2 (X) , Vt > , e tA (l B u) = l B e tA u =>■ 771(5)7/1(5") = . 

If A is irreducible and if the bottom of its spectrum is an eigenvalue, 
then such an eigenvalue is simple and the corresponding eigenfunction 
is strictly positive m-a.e. (see e.g. [9], Proposition 1.4.3). 
By [17], Lemma 1.6.4, 

(2.22) A irreducible ==>- A either recurrent or transient. 

By [8], Theorem 2.1.11, if A is recurrent then 
(2.23) 

A irreducible u is m-a.e. constant whenever Fa(u) = . 

By [8j, Theorem 3.5.6, if A is irreducible then 

Rr(c"B < +00) > , for q.e. x G X 

and if A is irreducible and recurrent then 

Rr( cr B 8n < +°° f° r every n > 0) = 1 , for q.e. x G X . 

Here £> is any Borel set with strictly positive F^-capacity, erg denotes 
the first hitting time of £>, i.e. as '■= inf{t > : Z t G B}, and 9 n is the 
time shift Z t o6 s = Z t + S . 

3. MARKOVIAN EXTENSIONS - A TOY EXAMPLE 
Let S — — -'j-niin 

be the negative, symmetric linear operator given by 
the minimal realization of on the finite interval (0,£): 

d 2 v 

^min : C™(0,£) C L 2 (0,£) L 2 (0,£) , A min 77 = — . 

Its Friedrichs' extension is given by 

d 2 v 

A D : # 2 (0, t) n ^(0, C L 2 (0, £) L 2 (0, £) , A D u = — , 

with corresponding bilinear form 

F D : #1(0, £) x #1(0, £) C L 2 (0, £) x L 2 (0, £) ->■ R , 

/ du dv\ f e dudv 7 
F D (u,v) = {—,— ) = / ——dx. 
\dx dx I J dx dx 

Here the index .D stands for Dirichlet boundary conditions. H n (0,£) 
denotes the usual Sobolev-Hilbert space of square integrable functions 
with square integrable distributional derivatives up to the n-th order 
and 

H^OJ) := {ueH\0,£) : lo u = 0} , 
70 :H\0,£)^R 2 , lo u := (u(0) , u(£)) , 
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By Sobolev embedding theorems one has H n (0,£) C C n_1 [0,£]. 
The closure of A min is given by 

d 2 u 

C : #o(0, *) C L 2 (0, *) -> L 2 (0, £) , = — , 

where 

H 2 {0,£) := {u e H 2 {0,£) : lG u = lx u = 0} , 

7l :H\0,l)^R\ 7i-=(|(0),-^) 

and in order to find all self-adjoint extensions of A min together with the 
corresponding bilinear forms we can apply Theorems 12.11 and 12.41 with 

A = A Dl Fq = Fjj , f} = M 2 , r = ll \H 2 (0J)nH? ) (0J). 

By 

£ — x f x x f e 

R o u ( x ) = {~ a d)~ u(x) = J y u(y) dy • + - J {£ - y) u(y) dy , 

and, for A > 0, 

Rfu(x) = (-A D + X)~ 1 u(x) = £ sinh(VA y) u(y) dy 

one obtains (here £ = (^1,^2)) 

Go : R 2 -> L 2 (0, £) , G £(x) = j (6 - 6) + 6 , 
and, for A > 0, 

r-TO 2 ^r 2 m^ r *m - sinh (v^(l z x )) t , smh(TAx) 

Since G £ £ #o(M) for an Y £ ^ 0, hypothesis f l2TT2]) holds. Thus, 
by Theorem 12.41 the bilinear forms corresponding to the self-adjoint 
extensions of A min are of the kind 

F {n ,e) : @(F (I1 ,e)) x ^(F (n ,e)) C L 2 (0,£) x L 2 (0J) -> R, 

■F(n,e)(«,«) = + /n,e(£u,£«,) > 

\ dx dx / 

^(F (n ,e)) = {«e # "(0, : « = u +G ^ , % e ff^O, £) , ^ G ^(11)} , 
where 

/n, :^(n)x^(n)^M, 
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is the bilinear form on M(JX) corresponding to G and (II, 0) G E( 
By straightforward calculations, integrating by parts, by -A- (Go£) 
and by 

lou = 7o(«o + G £ u ) = JoG £u = £u , 

one obtains 



/ duo dv \ I du dv 



\ dx ' dx I \ <ix ' dx 
where 

P x : M 2 M 2 , A > 
is the Dirichlet-to-Neumann operator 



P A £ := 7i«? 



i.e. 

/—cosh a/A £ 1 , > , 

A_ sinhA/A^V 1 -cosh\/A/ 

Noticing that any u G if 1 (0, £) can be decomposed as u = u + Go7oii, 
where uo G ifo(O^) i s defined by u$ \= u — Go7ow, in conclusion one 
has that, for any (IT, 6) G E(IR 2 ), 

F(u,0)(u, v) = F N (u, v) + fu,B e (loU, lov) , 
^(n,e)) = {«e : 7o« e ^(n)} , 



where 



F N : F 1 ^) x H l (Q,l) C L 2 (0,£) x L 2 (0,£) -> 



and 



fi : ^(n) ^(IT) , £© := T1P T1 + 6 . 

Here the index N stands for Neumann, since the self-adjoint operator 
A N associated with F N corresponds to Neumann boundary conditions. 
Then, posing 

An,£) := An.es) , &b '■= B — ilP n , 
by Theorem 12.11 one obtains (see Example 5.1 in [37]) the following 
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Theorem 3.1. Ext(A min ) = {A {n ,B) , (n, B) G E(R 2 )}, w/t 



ere 



^ ( n,B) : @(A (n ,B)) Q L 2 (0, £) -+ L 2 (0, £) , A 



d 2 



u 



(n,B) 



2 



0(i(n,B)) = {«e # 2 (0,^) : iou e M(Tl) , U llU = B lo u} . 

Remark 3.2. Notice that the case II = corresponds to Dirichlet 
boundary conditions, the case IT = 1, posing 

correspond to the boundary conditions 

(in on 

(3.1) —(0) = b u u(0) + b 12 u{£) , -—{£) = b 12 u(0) + b 22 u{£) , 

and the case IT = v <S> v, v = (vi,v 2 ) G K 2 , ff + v f = 1, B — b G R, 
corresponds to the boundary conditions 

(3.2) 

v 2 u(0) = v lU (£), Vl (^(0)-bu(0)) =v 2 f^(£) + bu(£) 



The boundary conditions (13.21) can be re-written (when bv\V 2 ^ 0) as 

b , . b du , . g?w . „. 

(3.3) _ u (0) = - um=Ol _(0)- B2 - M . 

Remark 3.3. The boundary conditions (13. ip and (13. 3p coincide with 
the ones obtained (in the case of more general second order differential 
operators) by Feller in [12], Theorem 10.1. 

Lemma 3.4. 1. In the case II = 1 

f B :R 2 xR 2 ^R, f B {C, C) := &u£l& + h 2 (^C 2 + C16) + &22&C2 

zs Dirichlet form on R 2 if and only if 

hi + 612 > , 612 + b 22 > , 612 < . 

In the case II = v <S> v 

f B : «(n) x ^(n) cR 2 xK 2 4l, /n,B(^, C«) := &£C 

a Dirichlet form on R 2 with domain Mill) if and only if b > and 
v is one of the following unit vectors: 

e = (^.^) > ei = (l,0), e 2 =(0,l). 
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Proof. 1. Let II = 1. The thesis follows by Theorem 12.101 and by the 
well known characterization of generators of Markovian semigroups on 
a finite (or countable) set (see e.g. [10J, Theorem 12.3.2). 

2. Let II = v <g> v, v = (vx,v 2 ) G R 2 , vf + v\ = 1. If v = e h 
i = 0, 1, 2 then (cv)# G M(JX) for any c6 i Conversely suppose that 
v £ ® e$), i — 0, 1, 2, so that t>it>2 7^ and v\ 7^ t>2- If v\v 2 < 
then v# £ ^(n); if t>it>2 > then, posing c = sign(t>i)/(|t>i| A l^l), 
{cv)# = (1, 1) £ M{U). Finally notice that f u , B > 6 > 0. □ 

Theorem 3.5. Let -F(n,B) ^ e ^6e bilinear form associated with —A^jm- 
Then F^,b) is a Dirichlet form if and only if fu,B is a Dirichlet form 
on R 2 . 

Proof. At first notice that the bilinear form Fn is a Dirichlet form. 
Thus if fn,B is a Dirichlet form then, since (7o«)# = 1ou# by i? 1 (0, £) C 
C[0, £], one has 

u e @(F(n,B)) w# e ^(F (n , B )) 

and 

F(a,B){u#) = F N (u#) + fn, B {(lo u )#) < F N (u) + fu, B { r Yo u ) = F (n,B){u) . 

Therefore -F(n,s) is a Dirichlet form. 

Suppose now that / n ,_B is not a Dirichlet form. 

Case n = 1. Let u = G £, with f = (1 + e, 1), e > 0. Then 

/fl(e#) - /fl(0 = -2(6ii + 612)6 - 6ne 2 

and 

e 2 

Fjv(m) - F N {u#) = F N (u) = - . 

Thus if 611 + 612 < then F(n,B)(w#) > i^(n,B)(w) by taking e sufficiently 
small. The same kind of reasoning holds in the case 612 + 622 < taking 
f = (1,1 + e). Let 

r x Jl - fa;, < x < § 
MW \e (1-fx) , f <*<£. 

Then 70 w = (1, -e), 

f B (lou#) - fsilou) = 26i 2 e - b 22 e 2 

and 

F N (u)-F N (u # ) = - i e 2 . 

Thus if 612 > then F(n,B)(w#) > i*(n,B)( M ) by taking e sufficiently 
small. 



MARKOVIAN EXTENSIONS OF ELLIPTIC OPERATORS 23 

Case II = v Cg> v. Suppose £ 7^ e;, i = 0, 1, 2. Then taking u = Go£, 
one has 7o«# = £ G" ^(n), and so w# ^ ^(F(n,s))- 
Suppose u = Go e o an d 6 < 0. Then 

^(n,B)(w) = /n,B(e ) = 6 < . 

Let 

< x < " 



u(x) 




2 



e(fz-l) + l, §<x<£. 
Then 70 u = (1 + e)e 2 , u G ^(^(n.B)), and 

/n,B(7o«#) - /n,s(7ow) = -6(2 + e)e 

F JV ( M )-F JV ( M# ) = ^e 2 . 

Thus if b < then F(n,s)(w#) > F(n,B)( M ) by taking e sufficiently small. 
The case in which v = e% is treated similarly. □ 

Remark 3.6. If II = then = Fp and such Dirichlet form is 
regular on X = (0,£). When II ^ 0, by the continuous embedding 
H^OJ) c C[0,£] and by 

@{F {u ,b)) = {u = u + G £ u , u e H^{0,£) , £ u G M(U)} , 

F(n,B)(u,v) = F N (u,v) + B£ u -£ v , 

it is immediate to check that F(u t B) is always regular on X = [0,1]. 
It suffices to approximate (with respect to H 1 (0, £)- convergence) the 
component «o by a sequence in C£°(0,£). 

Corollary 3.7. A bilinear form F on L 2 (0,£) is the bilinear form of a 
Markovian self-adjoint extension of A min if and only if 31(F) C H 1 ^, £) 
and there exists a Dirichlet form /{, on IR 2 such that 

3(F) = {u G H\0,£) : lo u G 3(f b )} 

and 

F(u, v) = F N (u, v) + f b (loU, 7o^) . 
By Krein's resolvent formula (12.31) and by 

Q B + AnG*C7 A n = Q B + n 7l (C7 - G\)H 

=e B + n(p - ^A)n = b - np A n , 

Corollary 13.71 has an equivalent version in terms of resolvents: 
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Corollary 3.8. R x E B(L 2 (0,f)) ; A > 0, is the resolvent of a Markov- 
ian extension of A min if and only if 

Rx = Rx+ G X U(B - UPxUy'UGl , 

where fu,B is a Dirichlet form on IR 2 . 

By combining Theorem 12. 101 with Lemma [33] one obtains the follow- 
ing 

Theorem 3.9. A E Ext M (Amn) if and only if A = A^ n ,B), with (n, B) E 
E(IR 2 ) satisfying one of the following conditions: 

(1) IT = 0; 

(2) IT = 1 , B = , 611+612 > , b 12 +b 22 > , 6 12 < ; 

(3) II = v <g) v , v E {e , ei , e 2 } , B = b > . 

Remark 3.10. Notice that An is the maximum element of ExtM(Amn) 
and that it does not coincide with the Krein's extension Ak- 

Remark 3.11. The above theorem reproduces, if II = 1, the results 
obtained (in the case of more general second order differential opera- 
tors) by Feller in [12], Theorem 10.2. If II = v <g) v our results differ 
from the ones stated by Feller in the same theorem. However looking 
at the proof of Feller's theorem, the arguments there seems to lead to 
our results. 

Remark 3.12. Notice that the cases II = (g) B — 0, i — 1, 2, 
give mixed (Dirichlet-Neumann) boundary conditions, while the case 
IT = e <8> e , B = gives the self-adjoint extension corresponding to 
the Laplacian on the circle of radius £/27r. 

Remark 3.13. By (12.211) . Lemma [3.41 and Theorem 13.51 one has that 
^4(n,_B) is a conservative Dirichlet form if and only if either (II, B) = 
(1 , -bP ), b > 0, or (IT, B) = (e ® e , 0). 

Remark 3.14. Notice that while 

fn,B Dirichlet =^ f u ,e B Dirichlet, 

the converse is not true: for example (here for simplicity we pose I = 1), 
taking LT = 1 and 

Q-( 2 " 1/2 ^ 
U ~ \-l/2 2 J ' 

/e is a Dirichlet form whereas /s e is positive but is not a Dirichlet 
form. Hence /n,e Dirichlet is a necessary but not sufficient condition 
for A(n,e) being Markovian. This elementary example, together with 
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Theorem I3.5[ shows that the correct description of the set of Markovian 
extensions ExtM(Anin) in terms of the parametrizing couples (11,0) is 
the following: 

Theorem 3.15. Am,e) £ ExtM(Amn) if and only if 

/n,e : ^(n) x M(U) -»■ K 
is a Dirichlet form on IR 2 which admits the decomposition 
./n,e(£i, £2) = /n,s(6)^2) — -Fb£r£2 , 

/n,B : ^(n) x M(T1) R 
is a Dirichlet form on IR 2 . 



4. Markovian extensions of elliptic operators 



Let Q C M. n , n > 1, a bounded open set with a smooth boundary T. 
We suppose that Q is connected, otherwise we work on each connected 
component separately. 

Given the differential expression 

d 

I 11 .- 

dxi 



V-aV 



T - 



l<i,j<n 



dxj 



we suppose that the real-valued matrix a(x) = (ay (a;)) is symmetric, 
that ciij e C°°(fi) and that there exist < /xq < A*i < +00 such that 



\/xett, V£ e 



^ollell 2 < £ ay(x)^< Mill^ll 2 - 

l<i J<n 

We denote by H k (Q) the Sobolev-Hilbert space given by closure of 
C°°(0) with respect to the norm 

2 



H k (n) 



0<a 1 +---+a n <k 



d° 



Oxl 1 ' ' ' dx r. 



L 2 (Q) 



Then the spaces H S (Q), s > real, can be defined by interpolation 
as H S (Q) := [H k (Q), L 2 (Q)] e , (1 - 9)k = s, < 9 < 1. Alternatively 
H S (Q) can be defined as the space of restrictions to f2 of the elements 
of fP(IR n ), the latter defined by Fourier transform. 

Hq(Q), s > 0, denotes the closure of C%°(Q) with respect to the 
#'(fi)-nonn. If < s < 1/2 then # s (ft) = # s (0), otherwise # s (ft) C 
H S (Q). Here we use also the alternative definitions 

H°(Q) := {« G H s (n) : 7fc w = , < k < s - 1/2} 
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where 

7fc : H S (Q) -> i/ s - fc -5 (r) , s > k + 1/2 , 

is defined as the unique continuous and surjective linear maps such 
that 

lk u(x) = — (x), ueC^iQ), xer. 

Here |^ denotes the fc-th order directional derivative along the vector 
v a := au, where v is the inward normal vector on T. 

The vector spaces H S (T), s G R, are the Sobolev-Hilbert spaces, 
defined, since T can be made a smooth compact Riemannian manifold, 
as the completion of C°°(T) with respect of the scalar product 

(hi, h 2 ) H >>(T) ■= (h, (~A LB + l) s h 2 ) L 2 {r) . 

Here the self-adjoint operator Alb is the Laplace-Beltrami operator 
in L 2 (T). With such a definition (—Alb + l) s can be extended to a 
unitary map, which we denote by the same symbol, 

(-a lb + i) s :/r(r)^/r- 2s (r). 

For successive notational convenience we pose 

A := (—Alb + 1)' : H S (T) H S -^(T) , £ := A" 1 
and we denote by (-, -)_ Sj s the duality between f/^ s (T) and H S (T), i.e 
(fci,fc 2 )- s , 8 = (E 2 ^ 1 ,A 2 ^ 2 ) L2(r) . 

Warning. Notice that in [37] and [38] A has been defined as (—Alb + 
I)?. Such a change in notation is due to a different choice of the space 
f): L 2 (r) instead of i?*(r). 

Remark 4.1. In the following we use also the equivalent Besov-type 
norm on H S (T), < s < 1, defined by 

INIW) = INIW) + / ^ X \^ da(x)da(y), 

Jrxr \\ x ~ VW 

where a denotes surface measure. By | \a\ — \b\ \ < \a — b\, one imme- 
diately gets || \h\ \\h s (t) < ll^lli/^r)- By such an inequality, H S (T) is 
a Dirichlet space for any < s < 1. By || \h\ Wh 1 ^) = H^H^fr)) also 
i/ 1 (r) is a Dirichlet space. 

The symmetric operator S = A min , 

A min : C c °° (fi) C L 2 (fi) ->■ L 2 (fi) , A min w : = V ■ a V« , 
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is positive and its Friedrichs' extensions Ad (here the index D stands 
for Dirichlet boundary conditions) is given by 

A D : H 2 (n) n C L 2 (Vl) L 2 (fi) , A D u = V-aVu 

with corresponding bilinear form 

F D : ^(Q) x jZj(ft) C L 2 (fi) xi 2 (fl)4i, 

F D (u, v) := (Vu, aVv) L2[n) = ai i 7fo. ~faT. dx ' 

Ad has a compact resolvent and its spectrum consists of an infinite 
sequence of negative eigenvalues, each having finite multiplicity. 
The closure of A min is given by 

AZ a : H 2 (Q) Q L 2 (il) L 2 (fi) , A- nU = V-aVu , 

and in order to find all self-adjoint extensions of A min we can apply 
Theorems 12.11 and 12.41 with 

A = A D , F = F D , i) = L 2 (T), r = An\(H 2 (Q) n H^Q)) . 

Notice that Jt{r) = Hq(Q) and that r is surjective by the surjectivity 
of 

7 : H 2 (Q) F§(r) x F§(r) , 7 u := (7o«,7i«) • 
In order to write down the extensions of A min together with their resol- 
vents, we make explicit the operator G . One has A^ in = A max , where 
A max , the maximal realization of V-aV, is defined by 

A max : @(A mSLX ) C L 2 (n) -> L 2 (fi) , A max u := V-aVw , 

^(Ana X ) := {« G L 2 (ty : V-aVw G L 2 (fi)} . 

The maps 70 and 71 can be extended to (see [29J, Chapter 2, Section 
6.5) 

7o:^(A max )^iH(r), 

7i : ^(Anax) ->if-i(r), 
and Green's formula can be extended to the case in which u G ^(A max ), 

u g # 2 (Q) n 

(4.1) (A max u, u} Z 2(Q) = («, Adi;) L 2 (q) + (%u, 7i^ ; )-|,i • 

Moreover for any u G S>{A maiX ) D if 1 (f2) one has 71 w G iJ~2(r) and 
then for any u G i/ 1 (fi) the "half Green's formula holds (see e.g. 
Theorem 4.4): 

(4.2) (- AnaxM, v) L 2 {n) = (Vu, aVv) L 2 (n) + (Tilt, 7 w)_ 



1 1 

" 2 ' 2 
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By Remark 12.31 since A max = A^ in , we have A ma _ x Goh = and so by 
( ET~Tj) there follows, for all h G L 2 (T) and for all u G 

(G h,A D u) L 2(n) = —(%G h,'y 1 u)_i j i • 

Since, by (T2~Tj) . 

{G h,A D u) L 2(ty = (G h,A max u) L 2(ty 
= (G h,A* min u) L 2 (n) = -(h, A7ru} i 2 (r ) , 

one obtains %GqIi = Ah. Thus Go^ is the unique solution of the 
Dirichlet boundary value problem 



(4.3) 



i.e. 



where 



A ma xG()h — 

7o G fr = A/i , 
GqTi = Kq , 



K A :iJ-2(r)^^(yl max ), A>0, 

denotes the Poisson operator which provides the unique solution of the 
Dirichlet problem with boundary data in H~2{Y) (see |29j . Chapter 2, 
Section 6): 



(4.4) 
Posing 

by (JS>]) and by 



A ma , x K x h = \K x h , 
7o K x h = h . 

R° := (-A D + A)- 1 , 

(4.5) K X = K - \R°K , 

one has 

G X T> = K x . 

Remark 4.2. By elliptic regularity (see e.g. [21], Proposition III 5.2), 
K x is a topological isomorphism from H S (T) onto _£P + 2(fi) for any 
s > — |, so that, for all s > 0, 

G x heH s {Q) ^ heH s {T). 

Since ^(G ) = ^(A* nin ) = ^(A max ), G /i G flj(fi) implies G /i G 
# 2 (ft) n ^(fi) = @{A D ). However by g^J this implies /i = 0. Thus 
(12. lip always holds true in this case and we can apply Theorem 12.41 to 
<? — 4 ■ 
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By £70 Go^ = h, for any (II, G) G E(L 2 (r)) one has (this is our 
version of Theorem 2.2 in [22] ) 

Theorem 4.3. Let A(n,e) £ Ext(A min ) and Zet -F(n,e) ^ e symmetric 
bilinear form associated with —A(u,e) ■ Then 

F {n ,e) ■■ @(F ( n,e)) x @(F (n ,e)) Q L 2 (Q) x L 2 (Q) -> R, 

^(11,6)) 

={w G L 2 (fi) : w = u + K j u , u G flj(fi) , 7o« G A®(fn,e)} , 
F( U ,e){u,v) = F D (u ,v ) + f n ,e(^%u, T,%v) , 

where 

lou = 7o(«o + K h) := j u + j K h = h . 

Remark 4.4. Notice that, for any s G (0, 1], 

C tf s (fi) ^ ^(/ n ,e) C iT(T) . 

Indeed, since u = uq + G$h with u G #o(^) aric ^ ^ e ^(/n,e)> one 
has that w G fP(fi) if and only if G /i G # s (fi). By Remark Ed 
G /i G H s (tt) if and only if h G £P (T). 

By Theorem 14.31 and Remark 14.41 one immediately obtains the fol- 
lowing 

Corollary 4.5. If A {Ut@) G Ext (v4 min ) and if @(F n< e) C iJ^Q) £/ien 

^(F (n ,e)) = {n G tf 1 ^) : lo u G ^(/n A ,e E )} 
={w G L 2 (Q) : m = m + K -f u , M € #o( n ) > 7o« G Wn A ,e s )} , 

^(n,e)(«,v) = ^(mo^o) + in A ,e E (7ow, 7o«) ■ 

i/ere IIa denotes the orthogonal projection onto the L 2 (T)- closure of 
A^(/n,e) ©s £/ie positive self-adjoint operator in ^(LI A ) as- 
sociated with the closed, densely defined, positive symmetric bilinear 
form 

Ai A ,e s : WriA.eJ * 0(/n A ,e E ) C <^(n A ) x 0(n A ) ->• R , 
^(/n Al e s ) := A^(/n,e) , /n A ,e E (/n, h 2 ) := /n,e(£/n, S/i 2 ) 
Let us now define the bounded linear map 

n A : iH(r) -> iH(r) , n A := alte . 
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It is immediate to check that I1a is the orthogonal projector in the 
Hilbert space H~^(T) such that M(fl A ) = AM(Tl). Since M{U K ) C 
A&(TT), we can define the injection 

n A : ^(n A ) h-1{y) , n A : = n A |^(n A ) = Ans|^(n A ) 

and, by using the duality (•, its dual 

n A :^(r)^^(n A ) 

By using the same duality we denote by 

Kl : L 2 (n) -> fli(r) 

the dual of the linear operator 

K A :^(r)^L 2 (fi). 

Notice that, by the definition of G\ and by the relation G\Y, = K\, 
one has 

(4.6) K\ = £G A = 7l itf • 

Having introduced these notation, we can state the following result, 
which provides an alternative Krein's formula (of the kind provided in 
[7]) for the resolvent of Ame) i n the case ^(i^n.e)) ^ i? 1 ^): 

Lemma 4.6. If &{F^ e) ) C if 1 (ft) toen toe resolvent Rf ,e) of A(n,e) 
in Ext (A min ) zs gwen fry 

^(n,e) = ^ + ^ A n A (e E + An A .K^if A n A ) -1 n A i£^ . 

In particular, taking H — 1, the resolvent of is given by 



A 



Proof. The thesis is consequence of formula (12.31) . of the relation G\Y, = 
K\ and of the definition of I1 A , by noticing that, for any bounded linear 
operator M such that G p(Q + M), one has 

(6 + AfT 1 = £(6 E + EME) _1 E . 

□ 

Let us now denote by An the self-adjoint extension corresponding to 
Neumann boundary condition, and by Fn the symmetric bilinear form 
associated with — A N , i.e. 

F N : H\n) x H\n) C L 2 (ft) x L 2 (ft) -»r, 
F N (u,v) := (Vm, aVf ) L 2 (n) . 
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Decomposing any u G H l {VL) as u = uo + P"o7ow, u G Hq(Q), one gets, 
by dOIl, 

(4.7) F N (u, v) =F D (u , v Q ) - (P 7oM, 7o^)-i,i , 

where Po denotes the Dirichlet-to-Neumann operator over V defined by 

P :H s (T)^H s -\r), s>~, P :=^K . 

Notice that (see e.g. [21], Theorem III 1.1) 

Vs>-~, PoGB^^r),^ 1 ^)). 

Moreover Po is L 2 (r)-symmetric (by Green's formula) and 

P : H^T) C L 2 (r) -> L 2 (r) 
is a negative self-adjoint operator. By Corollary 14.51 = with 
6 = -AP A : P 2 (r) C L 2 (T) L 2 (T) 

and 

fn A ,e s (h,h 2 ) = -fp (h 1 ,h 2 ) 
= - = F N {K h u K h 2 ) 

with ^(./p ) = #i(r). 

Remark 4.7. It is easy to check that both Fj) and P/v are Dirichlet 
forms on L 2 (Q), see e.g. [16], Examples 1.2.1 and 1.2.3. Both are local 
and irreducible (see e.g. next Corollary I4.12p . Fjj is transient since 
1 i ®{F D ) = H£(Q) while F N is recurrent since 1 G @{F N ) = H\n) 
and P/v(l) = 0. Moreover Fjj is regular on Q, while P/v is regular on 
Q. The corresponding diffusions are, in the case A m \ n = A\C%°(Q), the 
absorbing Brownian motion on Q and the reflecting Brownian motion 
on Q respectively (see e.g. Example 3.5.9 in [8]). 

By the following result A N is a fundamental object as regards our 
purposes (for the proof see [H] , Theorem 5.1, [IB], Theorem 2.3.1 and 
[T7j . Theorem 3.3.1): 

Theorem 4.8. An is the maximum element of ExtM(Anm)- 

Since A N = A (1 _ APoA) , A K = A (lfi) and (1, -AP A) -< (1,0), one 
has 

Corollary 4.9. The Krein extension Ak of A m i n is never Markovian. 

By the definition of logarithmic Sobolev inequality (see Subsection 
2.9) as immediate consequence of Theorem 14.81 one has 
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Corollary 4.10. If A G ExtM(Anin) then Fa satisfies a logarithmic 
Sobolev inequality. Hence the semigroup e tA is ultracontractive. 

Proof. By [9], Theorem 3.2.9, for the heat kernel kn of An one has 

n N (t,x,y) < c (t~f V l) . 

Hence, see Subsection 2.9, F N satisfies a logarithmic Sobolev inequality. 
Since A ^ An, Fa satisfies a logarithmic Sobolev inequality (with the 
same function) and so e tA is ultracontractive. □ 

Theorem 14.81 also gives Gaussian heat kernel estimates for any Mar- 
kovian extension (upper Gaussian and lower bounds on and kn can 
be found in [9] and references therein): 

Corollary 4.11. If A e ExtM(Anin) then 

where k,d and kn denote the heat kernels of Ad and An respectively. 

Proof. Here we follow the same kind of reasonings as in [19] . By Ad ^ 
A ^ A N one gets (see (T9], Theorem 2.12) that both e tA - e tA ° and 
e tA N _ e tA are p OS itivity preserving. By Corollary 14.101 and by (I2.18p . 
e tA D ^ e tA N anc j e tA are t race _ c i ass operators and hence they are integral 
operators. The proof is then concluded by noticing that a positive 
preserving integral operator has a positive kernel (see |19] , Theorem 
2.3). ' □ 

Since kd(£, x, y) > for all t > and for all x, y in compact subsets 
of Q (see [9], Theorem 3.3.5), by Corollary 14. 1 1 1 the same is true for ka 
and so one gets the following 

Corollary 4.12. If A £ ExtM(Anm) then the semigroup e tA is irre- 
ducible. Hence A is either recurrent or transient. 

Remark 4.13. By [39J, Theorem 1.1, Theorem 14.81 hold true on ar- 
bitrary open bounded set. Since the results we used in Corollaries 
l4.9H4.12l also hold under more general hypothesis, these results remains 
true without the smoothness hypothesis on T. In particular Corollar- 
ies 14.91 and 14.121 remain true in the case of Q open and bounded while 
Corollaries 14.101 and 14.111 holds for any open bounded Q which has the 
extension property (e.g. Q has a Lipschitz boundary, in particular Q is 
convex). For example, by using the upper Gaussian bound for kn given 
in [9], Theorem 3.2.9, if Q has the extension property one gets, for any 
A G Ext M (^4 m in)) the estimate (here 1 < c\ < 2 and the constant c D 



MARKOVIAN EXTENSIONS OF ELLIPTIC OPERATORS 33 

depends on fl, c\ and \xq) 

K A (t,x,y)<c (^Vl)exp (-^f 

Theorem 14.81 suggests us to introduce the set 

Ext(A min ) := {A G Ext(A min ) : A D ^ A ^ A N } , 

so that 

Ext M (Amn) Q Ext(v4 min ) C Ext (v4 min ) . 
We also introduce a convenient subset of E(L 2 (T)): 

E(L 2 (r)) 

:={(n, B) G E(L 2 (r)) : 0(/ n , fl ) n H$(T) is a core of f n , B > 0}. 

Then, for any (II, B) G E(L 2 (r)), let us define the positive, symmetric, 
densely defined bilinear form -F(n,B) by 

F(n,B) : @(F (n ,B)) x ^(F(n,B)) C L 2 (fi) x L 2 (fi) — > R , 
(4.8) ^(n,B)(w,^) := F N (u,v) + fn,B(lou, 7o^) , 

^(n,B)) := {« e H\n) : 7oM G ^(/ilb)} . 
Remark 4.14. Notice that 

F in ,B) = F D ^(/ n ,fl)nff3(r) = {0} 

and this, by our hypothesis on the core of /n,B, implies II = 0. This 
is consistent with Corollary 14.51 which says that Fd corresponds to 
IT = 0. Indeed the core hypothesis was introduced in order to have 
F(n,B) uniquely defined by fn,B and hence by (U,B). 

One has the following 

Theorem 4.15. 1. The symmetric bilinear form Fmm is closed and, 
denoting by -imm the self-adjoint operator associated with i*(n,B)> 
one has 

A (n ,B) e Ext (A 

2. Let ilg denote the orthogonal projector onto the L 2 (T)- closure of 
E^(n). Then 

fu Sl e B : 0(/n E ,e fl ) x 0(/n E ,e fl ) C <^(n E ) x <£(n E ) — > R , 
^(/n E ,e fl ):=S^(/n,B)ni7 1 (r), 
fnv,e B (hi,h 2 ) := fnA Ah ^ Ah v) ~ W^i, A/i 2 )_i i 
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is a symmetric, closed, densely defined, positive bilinear form. Denot- 
ing by Q B the positive self-adjoint operator in &(H S ) associated with 
/n E ,e fl one has 

A(n,B) = An E ,e s ) ■ 
3- If fn,B is a Dirichlet form on L 2 (T) then 

A(ti,b) e Ext M (A 

mini • 

Moreover Amm is recurrent (equivalently conservative) if and only if 

le^fo) and /n, B (l) = 0. 

Proof. 1. Since both and fn,B are positive and Fn is closed, 

\\u n — w|U 2 (r) ->• and F(n jB ) (u n - u m ) -»• 

imply m G and ||it„ — w||j?i(n) 0. Since 70 : H l (Q) — > L 2 (T) is 

continuous and M(JX) C L 2 (T) is closed, one has ||7oiin — 7ow||l 2 (T) — >• 
and 7 m G M(Ji). Thus, by /n^To^n - loU m ) -> 0, since /n, B is 
closed, one gets 7 u G 3>{fn,B) and /n,B(7o«»-7ou) ->■ 0. Thus F (n>jB) 
is closed. 

Since, for any w G C£°(fi) and for any vq G if^fi), 

(A min M ,^o)L2(f7) = F D (u ,v ) = F( UiB) (u ,Vq) = (A {UjB) U ,V ) L 2 {n) , 

one has A(n,B)\C^° (Q) = A min and so A(u )B ) G Ext(A min ). Since 
F(n,B) > 0, A(n,B) e Ext (v4 min ) and so Ad ^ A( H ,b)- Then A (n ,B) ^ 
A at is consequence of the definition of A(n,s). 

2. By Theorem 14.31 and Remark 14.41 one has 

3}(F {UtB) ) = {u = u + G h, uoeH^Q), h G E Wn.s) n #*(r))} . 

Since 0(/n,fl) n #*(r) is a core of / n , B , £(0(/n,fl) n #*(r)) is dense 
in^(n s ). By 

■^(n,B)(«,«) = ^dCuo^q) + /n E ,e B (E7o«, E70V) 

and hence fu s ,e B (h) = F {n , B) (G h) > 0. Let C E(^(/ n ,s) n 

f/"2(r)) such that ||/i n — h\\ L 2^ — >■ and fu s ,e B {h n — h m ) —> 0. Since 
G : £ 2 (T) — > L 2 (f2) is continuous and -F(n,s) is closed, one has that 
G /i G ^(-F (n ,B)), and F(n,B)(G h n - G h) -)> 0. Thus /n s ,e s is closed. 
Finally let us apply Theorem 12.41 

3. By 

II \u\ \\m(n) = \\u\\m{a) , II \h\ \\ H i [r) < \\h\\ H h (r) > 
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and 

a V b = — (a + b + \a — 6|) , a A b = — (a + b — \a — b\) , 

both H\Q) and H*(T) are Dirichlet spaces. Hence, by Theorem 12. 9[ 
for any normal contraction $ the maps u i— >■ and ft i— >• $(ft) 

are and if a (T)-continuous respectively. Since C°°{Vl) is dense 

in H 1 ^), and 7 : — >■ Ha(r) is continuous, taking {wnjf C 

C°°(0) such that \\u n — ~ > 0, one has 

(4.9) 7o(*(m)) = lim 7o($K)) = lim $(7o^n) = $(7o«) • 
Let /n,s be a Dirichlet form. Then, by (14. 9p . 

u e ^(F ( n,B)) e ^(F(n,B)) , 

F ( n,B)($(u)) =F^($( M )) + /n, B ($(7ow)) 
<F N (u) + fuMlou) 
=-F(n,B)(w) 

and so -F(n,B) is a Dirichlet form. Finally the result about recurrence 
is an immediate consequence of (12.211) and the definition of Fmm. □ 

To state the next result we introduce the family of Dirichlet-to- 
Neumann operators 

P A :#5(r)->fH(r), P a :=7i^a, A>0. 
By (14. 5 p one has 

(4.10) P X ^P -XK*K X . 

Then, by Lemma I4.6[ one obtains a Krein's formula for the resolvent 
of A( H ,B): 

Lemma 4.16. Le£ (II, -B) G E(L 2 (r)) and Zei 5 + U(-P X )U be defined 
as a form-sum by the closed, densely defined positive bilinear form 

/n,B,A : Wn, B ) n * (r)) x ( 0(/ n ,B) n # 3 (r)) c ^(n) x #(n) -> r , 

fn,B,x{hi, h 2 ) := fn,B(h, h 2 ) - {P x h u h 2 )_i^ ■ 
Then the resolvent R^' B ^ of A(n,B) is given by 

(4.11) - B) = r° + k x u(b + n(-p A )n)- x n^ . 
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Proof. By point 2 in Theorem 14.151 we know that A^,b) = ^(n s ,e s )- 
Since ^((IIe)a) is, by definition, the L 2 (T)-closure of A(E^(/ n , B ) n 
if 1 (r)) = St(fn,B) H i?2(r) which, by our hypothesis, is a core, one 
obtains (IIe)a = n. Then (IIe) a is the orthogonal projector onto the 
(r)-closure of M{U) and so (He) a = Il|^(n), here considered 

as map from i?(n) into H~^{Y). Hence (n s ) A = U\H^(T). There- 
fore, by Lemma 14.61 noticing that the bilinear form associated with 
((IIe)a, (Ob)s) is given by fn,B,o, one gets 

(4.12) R^' B) =R° + K X U(B + U(-P Q )U + XUK^KxU^UKl . 

The proof is then concluded by f)4.10p . □ 

Remark 4.17. Given B = (1,B) e E(L 2 (r)), suppose that f B is a 
regular Dirichlet form with Beurling-Deny decomposition 

JB - J B + Jb + Jb ■ 
Then the Dirichlet form Fm) = F(i,b) has the decomposition 

p- _ £>(<0 i p(J) i 

— (£?) + + (_B) J 

~ (c) 

where the strongly local component is given by 



and 



F i i 3 B \(u,v) = f^\ lo u 77o v) 

(wu(x) -7btt(2/))(7bu(a;) - ^v(y)) dJ(x,y) 



Txr 

Hence the Dirichlet form Fm) is strongly local whenever f B is strongly 
local (i.e. = = 0) and, in the case Fm) is regular (see next 
lemma for a criterion), is a Diffusion whenever /g = 0. 

Lemma 4.18. Let B = G E(L 2 (r)) such that either 

H*(T)Q@tf B ) and f B (h) < c ||(-A iB )U||| 2(r) + co||/i||£ a(r) , 

or 

^)C^(r) and fB(h)>c\\{-A LB )h\\ 2 LHr) , 
where c > 0, Co > 0. TTien 

/b regular on F ==>- Fm) regular on Cl. 
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Proof. Let us at first show that 

®{P {B) ) n c(n) 
={u = u + K h , u G H^(n) n Co(fi) , ft g ^(/b) n C(T)} 

is L°°(f2)-dense in C(f2). By Stone- Weirerstrass theorem this is equiv- 
alent to show that S>{F^ B )) fl C{Ct) separates the points of (see [8], 
Remark 1.3.11). If x, y G then one takes h = and Wo £ Co°(^) 
such that %(:e) 7^ u o(y)- If x,y E V then, since is regular, there 
exists h G S>{f B ) H C(r) such that /i(x) 7^ and so u(a;) 7^ «(?/) by 
posing u = K h. Suppose now that x G Q and y G I\ Then, given 
/i G ^(/b) H C(r), it suffices to take u = u + K h, where u G C^°(0) 
is such that Uo(x) 7^ h(y) — K h(x). 

If ffs(r) C &{f B ) then i?s(r) C &(f B ) and so 0(F (B) ) = H\Q). 
Taking a sequence {« n }i° C C°°(Q) converging in if 1 (f2) to u, since 
7oM n converges to 70W in if 2 (r) and 



(F ( b) + !)(«„ - u) < {F N + !)(«„ -m) + (cV c ) ||7o« n - 7o«| 



fli(r) ' 



one gets (-F(b) + l)(w„ — w) — >■ 0. 

Since /b is regular, for any h G @(f B ) there exists a sequence 

{Mf c ^(/b) n c(r) such that (/ B + \){h n -h)^o. if / B (fr) > 

c II (— A^) 4 /i||2 2(r) , then ||/i n - h\\ H i -> and so K h n converges to 

K h in H\n). Given k = u + K h G S>{F {B) ), let {m ,4?° C C£°(n) 
converge in if 1 (f2) to w . Then u n = M , n + -^o^n G S>{F^) fl C(O), 
converges in if 1 (fi) to u and so (i^B) + l)(it n — u) — (Fn + l)(u n — 
u)+f B {h n -h) ->0. □ 

Before stating the converse of Theorem 14.151 we give the following 
result concerning the Dirichlet-to-Neumann operator: 

Lemma 4.19. For all h G L°°(T) n Hi(T) one has 

(4.13) (PoM)_ii = lima^o^^^cr) - (1, K a h 2 ) LHT) ) 

Proof. By Theorem 2 in [T3] (also use Theorem 5.5.9 in [5]), 

2F N {K h) = lim / (/i(ar) - %)) 2 f/ Q (:r, y) da{x)da{y) , 

where the kernel U a is defined by 

U a (x, y) :=a f z) |^(^, y) ^ , 
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and g a denotes the kernel of (— An + a)^ 1 . The proof is then concluded 
by F N (K h) = -{P h, h)_ h i, by K 1 = 1 and by 

a(K h,K a h) L 2 (r) = / h(x)h(y)U a {x,y) da{x)da{y) 
Jrxr 

=a(l,K a h 2 ) L 2 (r) - i / (h(x) - h(y)) 2 U a (x,y)da{x)da(y) . 
1 Jrxr 

□ 

Theorem 14. 151 has the following converse: 

Theorem 4.20. Let A (n ,e) G Ext(A min ) . Then: 
1. 

0(F(n,e)) = {u G ^(O) : 7 o« G ^(/n A ,e E )} , 
^(n,e)(w,u) = F N (u,v) + /n A (7ow, 7 v) , 
where the positive symmetric bilinear form /® is defined by 

fn A ■ ^(/n A ,e s ) x ^(/n A ,e E ) C #(II A ) x <£(n A ) R , 

/n A (^i, ^a) := /n A ,e E (^i, ^2) + (ifyn, ha)-§,£ • 
2. If /® is closable with closure fn A ,B e ^ en (Ha, -Be) G E(L 2 (T)) and 

^(n,e) = ^n A ,B e , 

i.e. 

^(n,G)(w,^) = F N (u,v) + /n A) s e (7oM,To^) 
5. IfA(n,e) € Ext M (Amn) &era: 

/n A ,e E is a Dirichlet form on L 2 {T); 
3.2. /® is a Markovian form on L 2 (T); 

3-3 fu A ,B @ is a Dirichlet form on L 2 (T) whenever /® is closable. 
Moreover Am,e) is recurrent ( equivalently conservative ) if and only if 

lG^Cfffj 7n A (l) = 0. 

Proof. 1. By Corollary 14.51 by Remark I4.4[ and by (14. 7p . if ^4(n,e) G 
Ext(^ min ) then 

^ifae)) = {« e H\9) : 7o u G A^(/n,e)} 
={u = u + K h , u G #o(fi) , /i G A0(/ n ,e)} , 

^(n,e) («, u) = ^(m, u) + /® A (to«> 7o«) • 
Even if P is negative, /® is positive: since A(n,e) ^ ^4a, one has 

/n A (>0 = F(nM K oh) - F N (K h) > . 
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2. Since A (n ,e) =< A N , by Remark El A^(/n,e) £ #*(r). Hence 
@{fn A ,B e ) H -H^(r) contains ^(/® A ) and so is a core of fu A ,B @ - Thus 
(n A ,B e ) G E(L 2 (r)) and F (n ,e) = F(ti a ,b @ )- 

3.1. By Corollary I4.5[ /n A ,e s * s a dosed, positive bilinear form on 
^(il A ) such that 

fn A ,e s {hi,h 2 ) = F^e){K hi, K h 2 ) 

for any foi,/i2 G ^(/n A ,e s )- For any a > 0, let us define the closed, 
positive bilinear form on M(J1\) with domain ^(/n A ,e s ) 

(4.14) fS, es (hi,h 2 ) := /n A ,e s (/>iA) + (M Q E^, E/^^r) - 
By Remark 12.51 

/nf,e E (>0 = (^(n,e) + a) (tf a /i) , # Q := G a £ . 

Given h G ^(/n A ,e E )? suppose that <3>(/i) ^ ^(/n A ,e s ) 101 some normal 
contraction $. By f j4T9|) ^ ^(K h) = $(70-^0^) = ®(h) and so, by 
Corollary U21 ${KqK) S>{Fqjm) which is impossible since K h G 
@(F(n,e)) an d F(n,e) is a Dirichlet form by hypothesis. Thus for any 
normal contraction $ one has 

/*G^(/n A ,eJ =► G ^(/n A> e s ) - 

Moreover, since -F(n,e) + a is a Dirichlet form and u a := Q(K a h) — 
K a $(h) G iig(fl), by Corollary 14.51 and Remark [2.51 one gets 

fnleJHh)) < (Fd + a) (u a ) + AteJHh)) 
= (F(n,e) + a) {<$>{K a h)) < (F (n ,e) + «) 

Hence fjj. q s is a Dirichlet form for any a > 0. 

3.2. Denoting by /fi A ,e E an< ^ fu A e s the Yosida approximations of 
/n A ,e E and /ruUs respectively, and posing h n := ((-n) V h) An, by 
Theorem I2.11[ by (14.141) and by Lemma 14.131 one has (here we follow 
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the same strategy as in the proof of point (i) in [T4], Lemma 5.4) 
/n A ,e s (^) 

= lim lim lim (fn}'e s (hn) + /nlosM ~ (M a Eh n , Eh n ) L 2 {r) ) 

nfoo a^oo Afoo \ A ' J 

= lim lim lim (fn}fi s ( h n) + fn A ,e s ( h n)) 

+ lim lim ((M Q S1, S^) L 2 (r) - (M a Eh n , E/i n ) L 2 (r) ) 

nfoo a^oo 

= lim lim lim fe?;^ + /n A ,e E (^)) 
+ lim lim ((1, K a h 2 n ) L 2 {r) - (K h n , K a h 

n) L' 2 (T) I 

nfoo a^oo ' 

Hence 

and so /® A is a Markovian form since both /n* e E and /f^ A @E are Mar- 
kovian forms. 

3.3. If /n A 15 closable then fn A ,B @ is a Dirichlet form by Theorem 12.71 
The result on recurrence is an immediate consequence of (12.211) . □ 

Corollary 4.21. F^ji,b) in H4.8[) is a Dirichlet form in L 2 (Q) if and 
only if fn,B is a Dirichlet form in L 2 (T). Equivalently _R A n ' B ' ) in (14.111) 
is a Markovian resolvent in L 2 (Q), i.e. is the resolvent of a Markovian 
self-adjoint extension of A min , if and only if fuB is a Dirichlet form in 
L\Y). 

By combining Theorem 14.151 with Theorem 14.201 one gets the ana- 
logue of Theorem 13.151 

Theorem 4.22. Let A e Ext(v4 m m)- Then A belongs to Ext M (Amn) if 

and only if 3) (Fa) Q H 1 ^) and the bilinear form 

/ [A] : (rto@{F A )) x (j Q @(F A )) C L 2 (T) x L 2 (T) -> R, 

f[A](hi,h 2 ) := F A (K hi, K h 2 ) 
is a Dirichlet form which admits the decomposition 

f[A](hi, h 2 ) = fb(hi, h 2 ) - (Poh, ^2)-i,i , 

where 

f b : (io^(F A )) x (j @(F A )) C L 2 (r) x L 2 (r) -> R 
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is a Markovian form. A is recurrent (equivalently conservative) if and 
only if 

lEj ®(F A ) and / 6 (1) = / [A] (1) = 0. 



Proof. By Theorem 12. 1[ we know that A = Ame) for some (II, 0) 
belonging to E(L 2 (T)). 

If A(n >e) e Ext M (A min ) then @(F A ) C H\Q) by Theorem [U and 
then f[A\{hi,h 2 ) = fn A ,e T ,{hi ) h 2 ) by Corollary 14.51 The thesis is then 
a consequence of Theorem 14.201 by posing f b = /® . 

Conversely, if 3) {Fa) C H 1 ^) then, by Corollary 14.51 one gets 
f[A](hi, h 2 ) = fu A ,e s (hi, h 2 ) and, proceeding as in the proof of point 1 
of Theorem H7201 by ^(/ n ,e) Q ^(T), by Corollary H3J by Remark 
14.41 and by (14. 7p one obtains 

■F(n,e) (u, v) = F N (u, v) + /® A (70U, 7o^) • 

By posing again /& = /® and supposing /& is Markovian, one gets, as 
in the proof of point 3 in Theorem 14.151 

F (n , )($H) =Fn(*(u)) + /&($(7o«)) 
<F N (u) + / 6 ( 7o u) 

=F(n,e)(u)- 

Thus i^n.e) is a Dirichlet form and A(n,e) £ ExtM(Amn)- D 

Since in the proof of Theorem 14.151 the hypothesis requiring fu,B 
closed was used there only to show that F(n,B) is closed, Theorem 14.221 
can be re-phrased in the following form: 

Theorem 4.23. Let F be a closed bilinear form on L 2 (Q). Then F = 
Fa with A G ExtM(Anin) if and only if @(F) C H 1 ^) and there exists 
a Markovian form 

fb : @{h) x ®tfb) C L\T) x L 2 (T) R 

such that 

®{F) = {ue H\n) : 7o« e 0(/ 6 )} 

and 

w ) = Fat(m, u) + / 6 (7 tt, 7o«) • 
A zs recurrent (equivalently conservative) if and only if 

le@(f b ) and f b (l)=0. 

Next we give an equivalent version of Theorem 14.221 in terms of re- 
solvents. 
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A family R x G B(L 2 (Q)), A > 0, of bounded symmetric linear opera- 
tors is said to be a resolvent family in L 2 (Q) if it satisfies the resolvent 
identity 

R\ — Rfi = — ^)R\Rfi 

and the bounds 

||-RA^||L 2 (n) < T ||«|U 2 (fT) • 

Lemma 4.24. If R\, A > 0, is a resolvent family, then the bilinear 
form 

®(f m ) := {h G L 2 (T) : lim (G h, A(l - XR x )G h) L2{n) < oo} , 

A'foo 

f[R](h, h 2 ) := lim (G hi, A(l - \R x )G h 2 ) L ^(n) , 

Ayoo 

is symmetric, positive and closed. 

Proof. By [T7], Theorem 1.3.2, A («, A(l — \R\)u) l iiq) is not de- 
creasing and the bilinear form 

@{F m ) := {u G L 2 {Q) : lim (u, A(l - XR x )u) L 2 {n) < oo} , 

A'foo 

F[r](u,v) := lim (u, A(l - \R\)v) L 2, u) , 
is positive, symmetric and closed. Hence 

= e L 2 (r) : G„/i G 

and 

f[R]{hi,h 2 ) = F [R] (G h 1 ,G h 2 ) . 
The thesis then follows by G G B(L 2 (fi), L 2 (T)). □ 

Theorem 4.25. The resolvent family R x G B(L 2 (fi)), A > 0, is the 
resolvent of A G ExtM(Amn) if and only if the following conditions hold: 
1. @(f\m) Q -f^ 1 (r) and the bilinear form 

®{f [R] ) ■.= A@(f [R] ) , f m (h u h 2 ) ■.= fmph, m 2 ) 

is a Dirichlet form in L 2 (T) which admits the decomposition 
f[R](hi, h 2 ) = f b (hi, h 2 ) - (P h u h 2 ) 



i i 

' 2 ' 2 



where fb, @(fb) = @{f[R]), is a Markovian form in L 2 (T); 
2. R\ admits the decomposition 

(4.15) R x = R° + G x U m {Q [Hi + XU^GlG^y^Gl , 

where Tlmi denotes the orthogonal projector onto the L 2 (T) -closure of 
@(f{R]) an d Q[r] denotes the positive self-adjoint operator in ^(n^) 
associated to f[ R ] . 
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Proof. Suppose that R\ = with A G ExtM(Anin)- Then, by Theo- 
rem 12.11 Theorem 14.81 and Remark 14.41 A = Am,e) f° r some (II, B) G 
E(L 2 (t)) with 0(/ ( n,e)) Q H\T). Then, by Theorem El and Theo- 
rem ETH f [R] = / (n ,e). By Q, i?A = #f' e) and (Q51I holds with 
= and H[r] = IT. By Corollary 14. 51 /[#] = fn A ,e s and the decom- 
position f\R]{hi,h 2 ) = fb(hi,h 2 ) — (Pohi, hz)_x i follows by Theorem 

Conversely suppose that 1 and 2 hold true. Then by (I4.15P and 
by Theorem I2.1[ R\ is the resolvent of Aqj [r ,q [r a G Ext(y4 min ). By 
@(f[R]) Q H 1 ^), by Remark 14.41 and by Corollary 14.5} one obtains 

F (u lR] ,e [R] )(u,v) = F D (u ,v ) + /[jq(7ott,7o«) • 

Thus 

F(u [R] ,e {R] )(u,v) = F N (u,v) + fb(loU,i v) 
and so A( U[R] ,e [R] ) G Ext M (Amn) by Theorem EOS □ 

Remark 4.26. Suppose that R\ = R^ with A G ExtM(Amn)- Then, 
by Lemma |4.6[ f l4.15|) can be rewritten as 

R x = R° + K x fl A (e [R] + XU^K^La^UaK^ , 

where Brw is the Markovian operator associated with the Dirichlet form 
f\m- This resolvent formula is our version of Fukushima's (jl.ip . 

Remark 4.27. By Corollary I4.21[ in order to get the analogue of 
Theorem 13.91 one should prove that if A(n,e) £ Ext M (v4 min ) then /® is 
always closable. In this case 

Ext M (A min ) = {i (n ,B) : (n,S) G E(L 2 (r) , / n , B is a Dirichlet form} . 

Equivalently in Theorem l4.23l one could avoid the hypothesis U F closed" 
and substitute "/& Markovian form" with Dirichlet form" . However 
proving that /® is closable is a not trivial problem since G is positive 
and always unbounded (by @(Q) C if 1 (r)) while Pq is negative and 
unbounded. 

5. WENTZELL-TYPE BOUNDARY CONDITIONS 

In order to describe the self-adjoint extension of A min corresponding 
to the bilinear form i^m.e) we introduce the extended trace operators 
p and f as in Remark 12.31 By ^qGoH = Ah and by Remark 12.31 one has 

p: @(A mSLX ) ^L 2 (T), pw:=£ 7o w 

and 

f^Anax)^^), 
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(5.1) fu := t(u - GoT,j u) = A(jiU - P %u) . 

Notice that even if both 71W and Po%u are in H~^(T), by (15. ip one 

gets 

(71U- P %u) G H*(T) . 
Then, by (12. 9p . one has the following (this is our version of Theorem 
4.1 in [21], Chapter III) 

Theorem 5.1. Ext(A min ) = {A (n ,e) , (11,6) G E(L 2 (r))}, where 
A (n ,e) ■ ®(A( U ,q)) Q L 2 ({1) -> L 2 (ft) , A (n , Q )U = A mSLX u , 

={u G ^(A max ) : S 7o u G 0(9) , nA( 7l u - P 7om) = 6S 7o u} . 
Remark 5.2. Notice that, for all s G (0,2] 

^GVej) C ff'(fi) ^ 0(9) C tf s (r) . 

Indeed, since u = m + with u G # 2 (fi) n H^(Q) and /i G 0(6), 
one has that u G fP(f2) if and only if G h G H s (9). By Remark g72] 
G /i G F s (fT) if and only if h G H S {T). 

In the case A G ExtM(Anin), the boundary conditions characterizing 
its domain are said Wentzell-type boundary conditions. Such boundary 
conditions can be expressed by the boundary form /& appearing in 
Theorem HT21 

Theorem 5.3. Let A G Ext(Anin)- Then u G @(A) if and only if 
u G 0(A max ) n H\Q), 7o m G 0(/ 6 ) and 

(5.2) V/i G 0(/ 6 ) , / 6 ( 7o «, /i) = (7i«, /*)-!,! • 

T/ie boundary conditions (15. 2 j) define a Markovian extension of A min , 
i.e. they are of Wentzell-type, if and only if fb is a Markovian form on 
L\T). 

Proof. By Theorem [2ZQ A = A (n ,e) for some (II, 6) G E(L 2 (r)). 

If A(n,e) G Ext(A min ) then 0(A ( n,e)) C if^fi) and so (7 m,7i«) e 
fli(r) x F-I(T) for any u G 0(A (n ,e))- 

By Theorem O, for all u G ^(Ape)) and for all ft, G 0(/n A ej = 

((71U - P 7o^), ^)i2(r) = (7i«> ~~ (^o7om, M-±,§ 

= (6S70M, S/i) L2(r) = /n A ,e E (7oM, ft) . 

Relations (15. 2 j) are then consequence of the definition of ft, = /® (see 
Theorem 1420]). 
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Conversely, if ( 15. 2 p hold true, by f b = /® and the definition of /® 
in Theorem EM for all h E E@{f b ) = £0(/n A ,e s ) = 0(/n,e) one has 

/n,e(S7o«, h) =/n A ,e E (7o«, A/i) = ((7^ - P 7o«), A/i) i2(r) 
=(A(7i« - Po7o^), h) L 2 {T) . 

This gives 

s 7oM e 0(e) , nA( 7l n - p o7oM ) = es 7o u . 

Finally, by Theorem 14.221 A 6 ExtM(Anin), i.e. the boundary condi- 
tions are Wenzell-type, if and only if /& is Markovian. □ 

Corollary 5.4. Let (11,5) E E(L 2 (T)). Then u E D(A {u ,b)) if and 
only ifuE ^(A max ) n H^Q), 7o« e 0(/ii,b) and 

(5.3) V/i G 0(/n,B) n H*(T) , /ilb^, = {im, h)_ii . 

T/ie boundary conditions ( 15. 3p define a Markovian extensions of Anin? 
i.e £/iey are 0/ Wentzell-type, if and only if f jib is a Dirichlet form on 

L 2 (r). 

Remark 5.5. By Beurling-Deny decomposition, if P = (1, J3) e 
E(L 2 (r)), is a regular Dirichlet form then the corresponding Wentzell- 
type boundary conditions are 

/i c) (7oM, h) + / (t^u(x) -jtfu(y))(h(x) -h(y))dJ(x,y) 
Jrxr 

+ / 7om(x)/i(x) c?k(x) = (71M, i . 
ir 2 ' 2 

These boundary conditions are similar (in weak form) to the ones ap- 
pearing in Wentzell's seminal paper [4"8] . 

Remark 5.6. In the case II = 1 and B is such that the form sum 
appearing in Lemma 14.161 can be improved to an operator sum (this 
holds under the hypotheses given in the successive Remark [5T7| see [37] . 
Example 5.5, [21], Chapter III, Section 6) then the boundary conditions 
defining the domain of the extension Am) = ^(i,b) become 

7i« = B'fou 

and the resolvent of Am) is given by the formula (see Lemma T4. 161 
and gU)) 

fiW = {l + K x (B-P x )- 1 >y 1 )Rg. 
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Remark 5.7. Suppose B G B(H S (T), H s - a (T)) for all s > -\ and for 

some a > 0, and that 

B : H a {T) C L 2 (r) -> L 2 (r) 
is self-adjoint and positive. Then 5 = (1,B) G E(L 2 (T)) and 

®{f B ) = Ff(r), /b^!,^) = {BhrM-%,%- 
Thus, by Corollary 15. 4[ 

9{A {B) ) = {ue ^(A max ) n H\Q) : 7o m G Ft (r) , B lo u = j lU } . 

3 a 

If a < 1 then, by elliptic regularity, u G /fa - "? (fi) and so in this case 

@{A\ B) ) = 0(An«) n Hl-%(Q) : 5 7o u = 7iu} . 

If a > 1 and supposing 

{/i G lH(r) : S/i G # s (r)} C H s+a (T) , 

(this holds if B is an elliptic pseudo-differential operator of order a), 
then 7 m G i/~2 +a (f2) and so in this case 

&{A {B) ) = {ue @(A max ) n H 2Aa (Q) : B lo u = 7 im} . 

In particular, when a > 2, one has 

0(i (B) ) = {« G # 2 (ft) : 57QM = jm} . 

By Theorem 14. lb\ if moreover i? is Markovian then Am) is a Markovian 
extension of A min and the boundary conditions Bj u = 7l w are of 
Wentzell-type. The corresponding Dirichlet form Fm) is given by 

9{Fm)) = H 1 ^) whenever a < 1, 

9{Fm)) = {uE H 1 ^) : 7o n G #*(r)} , whenever a > 1, 

F B (u,v) = F N (u,v) + (S7 tt,7ov)_f,f • 

Remark 5.8. Let II : £ 2 (T) — )■ £ 2 (T) be an orthogonal projector such 
that ^(IT) Di23(r) is L 2 (T)-dense in ^(IT). Then for any positive B G 
B(^(n)) one has (II, B) G E(L 2 (r)). Since ^(n) n H^(V) is a closed 
subspace of if2"(r), we have the continuous projection n o : H^(T) — > 
iZa(r) such that 3?(U ) = &(IT) H fl*(r) and n |^(n) n #*(r) = 
n|^(IT) n i2i(r). Denoting by IT* : H~^(T) H^(T) the dual of 
Il with respect to the duality (-, i, fl5.3j) gives II^m G ^(IT) and 
the boundary conditions 

II*7iM = S7 m . 
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Hence in this case the operator domain of the corresponding self-adjoint 
extension is given by 

0(i(n,B)) = {«e @(A msx ) H H\Q) : 7o m G ^(n) , Itfym = £ 7 o«} . 
In particular, in the case II = 1, one obtains, by elliptic regularity, 

0(i (B )) = K ^(4ax) n ifi(fi) : 71 u = 5 7o w} . 

Example 5.9. Since /7 s (T) is a Dirichlet space for any s G [0,1], by 
Remark 15. 71 one gets a Markovian extension Am) by taking 

B = -bx A LB + b s (-A LB ) s + b , < s < 1 , h, b s , b > . 
To such extension corresponds the Wentzell-type boundary conditions 

6i A LB 7o« - & s (-A LjB ) s 7o m - 6 7oM + 7i« = . 
For the corresponding Markovian extension Am) on has 
@{A{E)) C # 2 (fi) whenever 6i ^ , 
C # 2s (ft) whenever 6 X = 0, 6 S ^ and 1/2 < s < 1 , 

@(A(B)) Q H^ s (Vl) whenever b x = 0, b s ^ and < s < 1/2 . 

Since is regular and satisfies the hypothesis given in Lemma 14.181 
for any < s < 1 and bi,b s ,bo > 0, Fm) is a regular Dirichlet form. 
Moreover, since the Beurling-Deny decomposition of the Dirichlet form 
/b is 

f^ih, h 2 ) = 6i(-A LB /ii, h 2 )-i,i , 
fH\h u h 2 ) = b a ((-A LB )'h u h 2 )„ s>s , 

/i? M = 6o</ii, ^L^r) , 

the Beurling-Deny decomposition of the Dirichlet form F(m is (see 
Remark g2D 

F^(u,v) = F N (u,v) + 6 1 (-A lb7o m,7 w)_i i1 , 

F (b]( u > v ) = & s ((- a lb) s 7oM,7o^)-,, s , 

^(b)( u ' u ) = & o(7oM,7o^)L2(r) • 

Hence Fm) has the local property (and so Z * is a Diffusion) if and 
only if 6 S = and is strongly local if and only if b s = 6 = 0. The 
corresponding Markovian extension Am) is recurrent if £»o = and 
transient otherwise. 
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Example 5.10. Let C M. n , n > 2, be open and bounded and such 
that T is a smooth, compact, n — 1 dimensional Lie group (for example 
this is true if £1 is a solid torus, or a plane disc with N > circular 
holes, or a four- dimensional ball). Let e denote the unit element and let 
Li, ... , L n _i be a basis of left-invariant vector field in the corresponding 
Lie algebra. Then there exist functions Q G C 2 (T), 1 < i < n, such 
that d(e) = 0, Li(j(e) = 5ij and ^(a; -1 ) = — d(x). A measure v on the 
Borel cr-algebra of T is said to be a Levy measure whenever ^({e}) = 
and J v ((Y^h=i \Ci( x )\ 2 ) A \)dv{x) < +oo, and is said to be symmetric 
if v{E) = u(E~ l ) for any measurable E. 

By Hunt's theorem (see [23], [2B]; here we use the version provided in 
[2], Theorem 2.1), any symmetric convolution semigroup of measures 
in T has a generators given by a Markovian self-adjoint operator B on 
L 2 {T) such that C 2 (T) C 9{B) and, for any h e C 2 (T), 

n-i 1 . 

5/i(a;) = V CijLiLjhix) + - / - 2/i(x) + Kxy- 1 )) dv{y) , 

where c = (cy) is a constant, real- valued, not-negative-definite matrix 
and v is a symmetric Levy measure. 

By Theorem 14 . 1 5 1 and Corollary [531 the corresponding Wentzell-type 
boundary conditions B^qu = jiu produce a Markovian extension A(b) 
which, since /#(1) = 0, is recurrent. 

By the Beurling-Deny decomposition of (see [2J, Theorem 2.4) 
and by Remark |4.1 71 the Beurling-Deny decomposition of the Dirichlet 
form F(b) is 

n— 1 » 

F^(u, v) = F N (u, v) + ^ °ij / La Q u(x)L j ^ v(x) da{x) , 

F (B)( U > V ) = / (7o«(») - lou(y)) (lov(x) - 7 u(y)) dJ(x,y) , 
Jrxr 

= 0, 

where the measure J is defined by 

J(E 1 xE 2 ):= [ u(y- 1 E 1 )da(y). 
Je 2 

Example 5.11. Given the decomposition T = To U Ti, To open, let 
II : L 2 (T) — y L 2 (T) be the orthogonal projector lih := l ro /i and let 
B = 0. Then 

= {he L 2 (T) : supp(fc) C f } ~ L 2 (r ) . 



MARKOVIAN EXTENSIONS OF ELLIPTIC OPERATORS 49 

Since C^°(T ) is dense in L 2 (T ) and 

c c °°(r ) ~{he c°°(r) : su PP (/i) c r } c n h*(v) , 

&(H) n i?2(r) is dense in M(H). Then, by Remark 15.81 one gets the 
self-adjoint extension A^n with domain 

@(A DN ) = {ue @(A max )nH\n) : supp( 7o u) C f , supp( 7 iu) C F t } . 

The conditions appearing in ^(Adn) are a weak form of the mixed 
Dirichlet-Neumann boundary conditions 

7oM = on Ti , jiu = on r . 

Since (lp /i)# = ^r h#, by Theorem 14 . 1 51 and Corollary 15 . 41 such bound- 
ary conditions are of Wentzell-type and define a (transient) Markovian 
extension with associated Dirichlet form Fdn given by 

@(F DN ) = {u G H\Sl) : supp( 7o n) C r } , F DN (u, v) = F N (u, v) . 

Even if Fdn is n °t regular on Q, it has an associated Markov process: 
it is the part process of the reflecting diffusion associated to Fn killed 
upon hitting I\ (see Example 6.6.12 (ii) in [8]). 

Example 5.12. Let Mill) C L 2 {T) be the one-dimensional subspace 
corresponding to the orthogonal projector II = (|r| _ 2l) <g> (|r|~2l), 
where |T| denotes the volume of the boundary T, and let B = b |r|a 1 : 
^(IT) ^(IT), b > 0. Then, by Remark Ell denoting by (h) the 
mean of h G H~2 (T) over T, i.e. (h) := (h, l)_i i, one gets 

^(An,B)) ={u G @{A max ) n H\n) : 6 7o m = ( 7 im)} 
={m G H 2 (tt) : = (7i n )} • 
The corresponding bilinear form is 

@(F(n,B)) = {uE H 1 ^) : >y u = const.} . 

F(n,B)(u,v) = F N (u,v) + 6|r|^(7 u)(7 w) . 

Since /n,B is obviously a Dirichlet form, F(n,B) is a (not regular) Dirich- 
let form and so ^4(n,s) is a Markovian extension and the boundary con- 
ditions &7o« = (jiu) are of Wentzell-type. ^4(n,s) is recurrent whenever 
6 = 0, otherwise it is transient. 



50 andrea posilicano 

References 

[1] A. Ancona: Continuity des contractions dans les espaces de Dirichlet, Semi- 

naire de Theorie du Potentiel Paris No. 2, Lecture Notes in Math. 563, Berlin; 

Springer- Vcrlag, 1976. 
[2] D. Applebaum: Some L? Properties of Semigroups of Measures on Lie Groups. 

Semigroup Forum. 79 (2009), 217-228. 
[3] A. Beurling, J. Deny: Dirichlet Spaces. Proc. Nat. Acad. Set. U.S.A. 45 (1959), 

208-215. 

[4] M.S. Birman: On the Self-Adjoint Extensions of Positive Definite Operators. 
Mat. Sbornik 38 (1956), 431-450 (in russian) 

[5] J.M. Bony, P. Courrege, P. Priouret: Semi-groupes de Feller sur une variete a 
bord compacte et problemes aux limites integro-differentiels du second ordre 
donnant lieu au principe du maximum. Ann. Inst. Fourier 18 (1968), 369-521. 

[6] B.M. Brown, M. Marietta, S. Naboko, I.G. Wood: Boundary triplets and M- 
functions for non-selfadjoint operators, with applications to elliptic PDEs and 
block operator matrices. J. Lond. Math. Soc. 77 (2008), 700-718. 

[7] B.M. Brown, G. Grubb, I.G. Wood: M-functions for closed extensions of ad- 
joint pairs of operators with applications to elliptic boundary problems. Math. 
Nadir. 282 (2009), 314-347. 

[8] Z. Chen, M. Fukushima: Symmetric Markov processes, time change, and 
boundary theory. Princeton: Princeton Univ. Press, 2012. 

[9] E.B. Davies: Heat kernels and Spectral Theory. Cambridge: Cambridge Uni- 
versity Press, 1989. 

[10] E.B. Davies Linear Operators and their Spectra. Cambridge: Cambridge Uni- 
versity Press, 2007. 

[11] V.A. Dcrkach, M.M. Malamud: Generalized Resolvents and the Boundary 
Value Problem for Hermitian Operators with Gaps. J. Fund. Anal. 95 (1991), 
1-95. 

[12] W. Feller: Generalized second order differential operators and their lateral 

conditions, Illinois J. Math. 1 (1957), 459-504. 
[13] M. Fukushima: On Feller's kernel and the Dirichlet norm. Nagoya Math. J., 

24 (1964), 167-175 

[14] M. Fukushima: On boundary conditions for multi-dimensional Brownian mo- 
tions with symmetric resolvent densities. J. Math. Soc. Japan 21 (1969), 58-93. 

[15] M. Fukushima: Dirichlet spaces and strong Markov processes. Trans. Amer. 
Math. Soc. 162 (1971), 185-224. 

[16] M. Fukushima: Dirichlet forms and Markov processes, Amsterdam: North- 
Holland 1980. 

[17] M. Fukushima, Y. Oshima, M. Takeda: Dirichlet forms and symmetric Markov 
processes, 2nd edition. Berlin: De Gruyter 2011. 

[18] F. Gesztesy, M. Mitrca: A description of all self-adjoint extensions of the 
Laplacian and Krem-type resolvent formulas on non-smooth domains. J. Anal. 
Math. 113 (2011), 53-172. 

[19] F. Gesztesy, M. Mitrea, R. Nichols: Heat kernel bound for elliptic partial dif- 
ferential operators in divergence forms with Robin-type boundary conditions. 
To appear in J. Anal. Math., 2012 



MARKOVIAN EXTENSIONS OF ELLIPTIC OPERATORS 



51 



L. Gross: Logarithmic Sobolev Inequalities and Contractive Properties of 
Semigroups. In Dirichlet Forms. Lecture Notes in Math., vol. 1563. Berlin: 
Springer- Vcrlag 1993. 

G. Grubb: A Characterization of the Non-Local Boundary Value Problems 
Associated with Elliptic Operators. Ann. Scuola Norm. Sup. Pisa CI. Sci. 22 
(1968), 425-513 

G. Grubb: Lcs problemes aux limites generaux d'un operateur elliptique, 
provcnant de la theorie variationnelle. Bull. Sc. Math. 94 (1970), 113-157. 
G. Grubb: Krein Resolvent Formulas for Elliptic Boundary problems in Non- 
smooth Domains. Rend. Sem. Mat. Univ. Pol. Torino 66 (2008), 271-297. 

G. A. Hunt: Semigroups of measures on Lie groups. Trans. Amer. Math. Soc. 
81 (1956), 264-93. 

M.G. Krein: The theory of self-adjoint extensions of semi-bounded Hcrmitian 
transformations and their applications. Mat. Sbornik 20 (1947), 431-495 (in 
russian). 

H. Kunita: General boundary conditions for multi-dimensional diffusion pro- 
cesses. J. Math. Kyoto Univ. 10 (1970), 273-335. 

Y. LeJan: Mesures associees a une forme de Dirichlet. Applications. Bull. Soc. 
Math. France 106 (1978), 61-112. 

M. Liao: Levy Processes in Lie Groups. Cambridge: Cambridge Univ. Press 
2004 

J.L. Lions, E. Magenes: Non-Homogeneous Boundary Value Problems and 
Applications, vol. I. Berlin: Springer- Verlag 1972. 

M.M. Malamud: Some classes of extensions of a Hermitian operator with la- 
cunae. Ukrainian Math. J. 44 (1992), 190-204. 

M.M. Malamud: Spectral theory of elliptic operators in exterior domains. Russ. 
J. Math. Phys. 17 (2010), 96-125. 

W. McLean: Strongly Elliptic Systems and Boundary Integral Equations. Cam- 
bridge Univ. Press, 2000. 

J. von Neumann: Allgemeinc Eigenwerttheorie Hermitscher Funktionalopera- 
toren. Math. Ann. 102 (1929-30), 49-131. 

A. Posilicano: A Krem-like Formula for Singular Perturbations of Self- Adjoint 
Operators and Applications. J. Fund. Anal. 183 (2001), 109-147. 
A. Posilicano: Self- Adjoint Extensions by Additive Perturbations. Ann. Scuola 
Norm. Sup. Pisa CI. Sci. (5) 2 (2003), 1-20. 

A. Posilicano: Boundary Triples and Weyl Functions for Singular Perturba- 
tions of Self- Adjoint Operators. Methods. Fund. Anal. Topology 10 (2004), 
57-63. 

A. Posilicano: Self- Adjoint Extensions of Restrictions. Operators and Matrices 
2 (2008), 483-506. 

A. Posilicano, L. Raimondi: Krein's Resolvent Formula for Self-Adjoint Ex- 
tensions of Symmetric Second Order Elliptic Differential Operators. J. Phys. 
A: Math. Theor. 42 (2009), 015204. 

D. W. Robinson, A. Sikora: Markov uniqueness of degenerate elliptic opera- 
tors. Ann. Scuola Norm. Sup. Pisa CI. Sci. (5) 10 (2011), 683-710. 
V. Ryzhov: A general boundary value problem and its Weyl function. Opuscula 
Math. 27 (2007), 305-331. 



52 



ANDREA POSILICANO 



[41] MX. Silverstcin: Symmetric Markov processes. Lecture Notes in Math., vol. 

426. Berlin: Springer- Verlag 1974 
[42] M.L. Silverstein: Boundary theory for symmetric Markov processes. Lecture 

Notes in Math., vol. 516. Berlin: Springer- Verlag 1976 
[43] K. Taira: Semigroups, boundary value problems and Markov processes. Berlin: 

Springer- Verlag 2004. 
[44] T. Ueno: The diffusion satisfying Wentzell's boundary condition and the 

Markov process on the boundary. I. Proc. Japan Acad. 36 (1960), 533-538. 
[45] T. Ueno: The diffusion satisfying Wentzell's boundary condition and the 

Markov process on the boundary. II. Proc. Japan Acad. 36 (1960), 625-629. 
[46] M.L. Visik: On General Boundary Problems for Elliptic Differential Equations. 

Trudy Mosc. Mat. Obsv. 1 (1952) 186-246; Amer. Math. Soc. Trans. (2) 24 

(1963), 107-172. 

[47] F.-Y. Wang: Functional Inequalities, Markov Semigroups and Spectral Prop- 
erties. Beijing/New- York: Science Press 2005. 

[48] A.D. Wentzcll: On boundary conditions for multi-dimensional diffusion pro- 
cesses. Theor. Probability Appl. 4 (1959), 164-177. 



DipSAT - Sezione di Matematica, Universita dell'Insubria, 1-22100 
Como, Italy 

E-mail address: posilicano@uninsubria.it 



